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1. Introduction

An identity of the form

X1X2 - Xy = Xj Xip -+ X, (0> 2) (

f—
~—

is called a permutation identity, where i is any permutation of the set {1,2,3,...,n} and iy (1 <
k < n) is the image of k under the permutation i. A permutation identity of the form (1) is
said to be nontrivial if the permutation i is different from the identity permutation. Further a
nontrivial permutation identity x1x - - - X, = X;,X;, - - - X;, is called left semicommutative if iy # 1,
right semicommutative if i, # n and seminormal if i} = 1 and i,, = n. Clearly, every nontrivial

permutation identity is either left semicommutative, right semicommutative, or seminormal. A
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semigroup S satisfying a nontrivial permutation identity is said to be permutative, and a va-
riety 7 of semigroups is said to be permutative if it admits a nontrivial permutation identity.
Commutativity [xy = yx], left normality [x;xpx3 = x1x3x7], right normality [x;xox3 = xpx1x3],
and normality [x;xyx3x4 = x1x3xx4] are some of the well known permutation identities.

For any word u, the content of u (necessarily finite) is the set of all variables appearing in u
and is denoted by C(u«). An identity u = v is said to be heterotypical if C(u) # C(v); otherwise
homotypical. A variety ¥ of semigroups is said to be heterotypical if it admits a heterotypical
identity.

Let U and S be any semigroups with U a subsemigroup of S. Following Isbell [8], we say
that U dominates an element d of S if for every semigroup 7" and for all homomorphisms
o,B:S—T,uo =uf forall u € U implies da = df3. The set of all elements of S dominated
by U is called the dominion of U in S, and we denote it by Dom(U,S). It may easily be seen
that Dom (U, S) is a subsemigroup of S containing U. A semigroup U is said to be saturated
if Dom(U,S) # S for every properly containing semigroup S, and epimorphically embedded or
dense in S if Dom(U,S) = S.

A morphism « : S — T in the category of all semigroups is called an epimorphism (epi for short)
if for all morphisms f3,y, a8 = ay implies B = y. Every onto morphism is epi, but the converse
is not true in general. It may easily be checked that o : § — T is epi if and only if the inclusion
map i : Soo — T is epi and the inclusion map i : U — S is epi if and only if Dom(U,S) = S. A
variety 7 of semigroups is said to be saturated if all its members are saturated and epimorphi-
cally closed or closed under epis if whenever S € 7" and ¢ : S — T is epi in the category of all
semigroups, then T € ¥ or equivalently whenever U € ¥ and Dom(U,S) = S, then S € 7.

An identity u is said to be preserved under epis in conjunction with an identity 7 if whenever
S satisfies 7 and i, and @ : S — T is an epimorphism in the category of all semigroups, then T
also satisfies T and p; or equivalently, whenever U satisfies 7 and u and Dom (U, S) = S, then S
also satisfies 7 and u.

In [10], Khan had shown that all identities are preserved under epis in conjunction with com-
mutativity. In [11], Khan gave a sufficient condition for a heterotypical variety to be saturated.

He showed that if a semigroup variety 7" admits a heterotypical identity of which atleast one
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side has no repeated variable, then ¥ is saturated, and, hence, all heterotypical identities whose
atleast one side has no repeated variable are preserved under epis in conjunction with all non-
trivial permutation identities. Khan [13] had further shown that all identities are preserved under
epis in conjunction with left [right] semicommutativity. However Higgins [5] had shown that
the identity xyx = yxy is not preserved under epis in conjunction with the normality identity
X1X2X3X4 = X1X3X2X4.

Therefore, it is natural to find those semigroup identities whose both sides contain repeated
variables and preserved under epis in conjunction with any seminormal identity.

In the present paper, we obtain a result about heterotypical identity (Theorem 3.6) towards this
goal, by establishing some sufficient conditions for such identities to lie in this class and thus,
extending [1, Theorem 3.4]. However, a full determination of all such identities to be preserved
under epis in conjunction with all seminormal permutation identities still remains an open prob-

lem.

2. Preliminaries

Now we state some results to be used in the rest of the paper. Our notation will be standard
and, for any unexplained symbols and terminology, we refer the reader to Cliford and Preston
[4] and Howie [7]. Further in whatever follows, we will often speak of a semigroup satisfying

(1) to mean that the semigroup in question satisfies an identity of that type.

Result 2.1 [13, Theorem 3.1]. All permutation identities are preserved under epis.

A most useful characterization of semigroup dominions is provided by Isbell’s Zigzag Theo-
rem.

Result 2.2 ([9, Theorem 2.3]).Let U be a subsemigroup of a semigroup S and let d € S. Then
d € Dom(U,S) if and only if d € U or there exists a series of factorizations of d as fol-
lows:  d=apt; =y1a1t) = y1axtr = yra3t) = -+ = yy@om—1tm = Ymaom (2)
wherem>1,a; €U (i=0,1,...,2m), y;,t; € S (i=1,2,...,m), and

ap = y1a1, Qam—1tm = Qom, Q2i—1ti = Aoitit1, Yia2i = Yir1a2i+1 (1 <i<m—1).

Such a series of factorization is called a zigzag in S over U with value d, length m and spine
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ap,dai,...,axy,. We refer to the equations in Result 2.2 as the zigzag equations.

Result 2.3 [12, Result 3].Let U be any subsemigroup of a semigroup S and let d in
Dom(U,8)\U. If (2) is a zigzag of minimal length m over U with value d, then yj,t; € S\U
forall j=1,2,... ,m.

In the following results, let U and S be any semigroups with U dense in S.

Result 2.4 [12, Result 4].For any d € S\ U and k any positive integer, if (2) is a zigzag of
minimal length over U with value d, then there exist by,b,,...,by € U and di, € S\ U such that
d="0b1by---brdy.

Result 2.5 [12, Corollary 4.21.If U be permutative, then sxixy---Xit = sXj,Xj,---Xj.t, for all
X1,X2,..., % €8, s,t € S\ U and any permutation j of the set {1,2,... k}.

The symmetrical statement in the following result is in addition to the original statement.
Result 2.6 [13, Proposition 4.6].Assume that U is permutative. If d € S\ U and (2) be a zigzag
of length m over U with value d such that y; € S\ U, then dk = a’ét]f for each positive integer k;
in particular, the conclusion holds if (2) is of minimal length. Symmetrically, ifd € S\ U and
(2) be a zigzag of length m over U with value d such that t,, € S\ U, then dk = y’,‘nagm for each

positive integer k; in particular, the conclusion holds if (2) is of minimal length.

3. Main results

Proposition 3.1:Let U be a permutative semigroup satisfying a seminormal permutation iden-

tity of a semigroup S such that Dom(U,S) = S. If U satisfies the semigroup identity

P D2 q1,492 .

p f
X X" XY Y) !

¥ =W G)

then (3) also holds for all xy,x3,...,x, € S and y1,y2,...,Ys,W1,W2,..., Wy in U,
where p1,p2,-..,Priq1,42;---+4s,11,12, . .., 1, are any non negative integers such that: (r,s,n >
Dipr<pp<- <pr1<pigs<qge1<@<qrandty << <ty

Proof. Assume that U satisfies the identity (3). Therefore

In

pr P2 opr 4192 0 qs G
Uy Uy UV v, vt =a;a; a,



EPIMORPHICALLY PRESERVED SEMIGROUP IDENTITIES 5
forall uy,up, ... ,ur,vi,vo,...,vg,ay,an,...,a, € U.
We show that (3) is true for all xq,...,x, € Sand yy,...,ys,w1,...,w, €U. Fork=1,2,3,....r;
consider the word x}'x4?---x* of length py + ps +--- pr. We shall show that (3) is satisfied
by induction on k, assuming that the remaining elements xg 1,X¢12,...,X- € U. First for k =0,
the equation (3) is vacuously satisfied. So assume next that (3) is true for all x1,x2,...,x,_1 €S
and all xz,xz11,...,x € U. Then we shall show that (3) is true for all x1,x3,...,x,_1,x € S
and all xg4q,...,x, iIn U. If x; € U, then (3) is satisfied by inductive hypothesis. So assume
that x, € S\ U. As x; € S\ U and Dom(U,S) = S, by Result 2.2, let (2) be a zigzag of minimal

length m over U with value x;. So assume that 1 <k <r.

p1.D2

q1 42
XX :

A8 U VR W

_  P1 P2 Pk—1 Pk Pk Pk+1 DPr G192 . Gs
= XN xZ—lymameiH Xr Y1 Yy Vs

( by zigzag equations and Result 2.6)

_ (m)Pk, (m)Pk (m) Pk _pp pryi Prod1 42 qs
f Zym bl bk—] azmx£+l ...xr yl y2 ...ys

(by Results 2.4 and 2.5 for some b(lm), e ,b,(;f)l el
and yﬁ,’i") € S\U as y,, € S\U and az,, = azy—1tm

with #,, € S\U and where z = x{"'x? . x/* ")

Pk 4 Pk—1 ;
— gy (T P e Pt Py gy

(by Result 2.5 as y,(ﬂm)7 tm € S\U and where

Jm) _ bgm)Pk_Pl .”bl(ﬁ)lpk—l?kq)
m) Pk P m) Pk—1
o L R VAL DR (R

(as a%m_ltm = Ao 102m—1tm = Aom—102m € U,y,(nm),tm € S\ U and U satisfies (3))

Pk P1 Pk—1
— Zy,(nm) v(’”)bgm) "'bl(cni)l aé’fn_l(azm_ltm)l?kxiﬁl,..xfry?lyg%..ygs

(by Result 2.5 as yﬁnm),tm eS\U)
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Pk Pk Pk
Zygnm) bgm) e bl(:f)l a12711;1_1 (azm_ltm)kalff:ll .. .xfry?lygz . 'ygx
(by Result 2.5 as yiy"), 1,, € S\U and as v(") = bgm)pk_pl ...bl(c’f)lpk_pk*‘)

zypahy (aZm_ltm)pkaf‘:f oxlryttydz. . yT (by Result 2.5 as y,(nm),tm eS\U)

Z2(ymazm—1)P* (azm_ltm)l’kx,f’;ﬁl coxlryttydz . y85 (by Result 2.5 as yp, 1 € S\ U)

2(ym—1a2m—2)" (azm—1tm) PR} - xEry Y32 -y (by zigzag equations)

zyﬁl"_la'z’;_z(azm_ltm)l’kx,f’;ﬁl oxlryttydz . yT (by Result2.5 as yy,— 1,6 € S\U)

—1)Pk, (m—1)Pk —1)Pk
DO P B () PPy Ty (by Results

2.4 and 2.5 for some bgmil), . ,b,(:f;l) € U and yfnm_]l) € S\U as yy—1,tm € S\U)

—1)Pk _ —1)P1 —1)Pk—1
Z)’fnm,l) plm ”bﬁ’" ) "'b;(:fl) (@2m—2azm—1tm) x5 xEy {32yl (by

Pr—P1 (m—1)Pk=Pi-1

Result 2.5 as yfnm:ll),tm € S\U and where y("~1) = bgmil) b, )
—1)Pk _ —1)P1 —1)Pk-1
nynm,l Py m ”bﬁ’" ) "'b;(:fl ) (@2m—3aom—1tm) PR By Y2yl

(as aym—3am—1tm = azm—3azy € U and U satisfies (3))

(m=1)Pk_(m—1) (m=1)P1 (m—1)Pk=1_ py ket 1 prodi g2 .4
ey Vb by bt s(aom—1tm)PRx XDy TSy

(by Result 2.5 as y(m_l),tm eS\U)

m—1

—1)Pk —1)Pk —1)Pk
R G AN (TS AV S
—1)Pk—P — —Pik— _
(by Result 2.5 as vm=1) = p{m= D7 plm DI gy mml) € S\U)

Pk Dk K+l Prdl 42
Zymflazm73(a2m71tm)pkx/f+1 CXE VLYY

(by Result 2.5 as y(m_l),tm eS\U)

m—1

q
. -yss
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Pk+1 Pr. 41,492 q.
Z(ym—laZm—?))pk(aZm—ltm)kak+1 "'xrry] b0) "'ysY

(by Result 2.5 as y;,— 1,4, € S\U)

p r N b 3
2(Ym—2a2m—a)P¥(@om—1tm)Pix S5 - X7 y] Y3 - yE (by zigzag equations)

Pe P Pl Prodl 42
24 (@2m—1tm)PE XY Y

(by Result 2.5 as y,,—2,t, € S\U)

(R
. .ysY

Pk Pk Pi+1 Pr 41,492 s
Zyz a4 (azm_ltm)pkxk+1 ...xrryl y2 ...ysv

Pk, (2)P P
zyéz) kbgz) k~--b,£i)1 kaﬁ" (azm_ltm)l’kx,f’;ﬁl coxlryttydz. oyl (by Results
2.4 and 2.5 for some bgz)’ . ,b,(i)l € U and ygz) € S\U as yp,t,, € S\U)

2) Pk 2)P1 2) Pk-1 - s

Result 2.5 as ') 1, € S\U and where v(2) = bgz)pk_pl ...blgzjlpk_pk“>

2) Dk 2)P1 2) Pk—1 . .
Zyg ) v(z)bg ) ‘e b](cJI (a4a2}’H*ltm)pkx]€i+ll .o .x{? y‘flygz .. yg
(by Result 2.5 as ygz),tm e S\U)

2) Pk 2)P1 2) Pk-1 . .
@B P P @ gt )Py
(as azaom—1tm = azaz, € U and U satisfies (3))

2)Pk 2) Pik—1 - B
o V@B @) T P (g )Pl By Dy

k+1
(by Result 2.5 as ygz),tm e S\U)

2\Pk . (2) Pk 2) Pk . X
Zyg) bg ) .b]((—)l al;k(aZM*ltm)pkx]fjfll'xf y(flygz.y?
(by Result 2.5 as 2 1, € S\U and v = p{P" 7" .. p) PO

r 5 2
zyhral* (azm,ltm)l’kx,fﬁl coxlryfiydz . yE (by Result 2.5 as yé ),tm e S\U)
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z(ypa3 )Pk (azm_ltm)l’kxffll cxlryttydz .yl (by Result 2.5 as y, 1, € S\U)

2(y1a2) Pk (azmrtm)Pexp )t - Pyl yi2 -yl (by zigzag equations)

zyfkagk(azm_ltm)l’kx,fﬁl oxlryttydz . yT (by Result 2.5 as yi,t, € S\U)

1Pk, (1)Pk 1) Pk r s
zyg ) bg ) -~-b,(€21 ab* (agm—1tm)Pex by Y3 -y (by Results 2.4 and

2.5 for some bgl), . ,b,(ci)l € U and ygl) € S\U as yj,t,, € S\U)

1)Pk 1)P1 1) Pk—1 ) v
Zyg ) v(l)bg ) "'blgjl agk(a2m—ltm)pkxlfi+11 cooxP y1111y62]2 . _y?
(by Result 2.5 as yﬁl),tm € $\U and where v(!) = bgl)pk_pl ---b,(ci)lpk_pk_l)
1)Pk 1)P1 1) Pk—1 ) )
zyg ) v(l)bg ) "'bl(cjl (aZaZm—ltm)p"x,ffrﬁl xf y?lygz_._yg

(by Result 2.5 as ygl),tm e S\U)

)Pk (1)171 1) Pk—1

1 r s
VOB B (g )P Py

(as apapm—1tm = arany, € U and U satisfies (3))

1) Pk 1)P1 1) Pk—1 . B
Zy(l ) v(l)bg ) .b](cf)l alljk(aszltm)pkxfiﬁlx{? y?lygz.y?

(by Result 2.5 as ygl),tm e S\U)

Pk (1)Pk Pk
Zygl) b(ll) . b]((l—)l alljk (aZM*ltm)pkx]fj_Jrll .. .x{?ry?lygz .. y?f
(by Result 2.5 as y\") 1, € S\U and v(D) = p{N7" 7. p(D PP

r S 1
zylfka’f"(az,n,ltm)pkxfﬁl coxlryftydz . yE (by Result 2.5 as yg ),tm e S\U)

p1.D2

P1 P2._‘x£k—l Pk Pk q1 qz__.y?s (asz:xl b "xifll)

k+1 P
X1 X VA (gt P xS

D1, P2 k=1 et 1 Pro 41,42 q
X1 X% .”‘xi—l (ylalameltm)pkx]I;_l “')Crryl ) ...ySS

(by Result 2.5 as yy,1,, in S\U)
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— P1,P2 Pk—1 DPk+1 Pr. 41,492 ds : :
= X' x50 x0 (aoam) P o x YT YSE - ys” (by the zigzag equations)

— o ot
= wiwywy

(by inductive hypothesis as apaz, € U)

as required. 0

Proposition 3.2:Let U be a permutative semigroup satisfying a seminormal permutation iden-
tity of a semigroup S such that Dom(U,S) = S. If U satisfies the semigroup identity (3), then (3)
also holds for all xy,...,xr,y1,...,ys€Sandwy,...,w,inU, where p1,pa2,...,Priq1,q92,---,qs;
t,t,...,1,, are any non negative integers such that: (r,s,n>1); py < pr <--- < p,_1 < py,
s <gs—1-- <@ <qrandty <tp <--- <ty

Proof: We show that (3) is true for all x1,x3,...,X,y1,y2,...,¥s €Sand wi,wy,...,w, € U. For
k=1,2,3,...,s; consider the word y?'y4* ...yl of length ¢; + g2+ - - - + gx. We shall show that
(3) is satisfied by induction on k assuming that the remaining elements y 1, yx+2, ..., ¥s in U. For
k =0, (3) trivially holds. So assume that (3) is true for all x1,x2,...,%,y1,Y2,-..,Vx—1 € S and
for all y¢, yk+1,--.,ys € U. Then we shall show that (3) is true for all x;,x2,...,X-,y1,V2,..., %k €
S and ygiq,...,ys € U. If y, € U, then (3) holds by inductive hypothesis. So assume that
i € S\U. As y; € S\U and Dom(U,S) = S, by Result 2.2, let (2) be a zigzag of minimal length
m over U with value y;. So assume that 1 < k < r. As the equalities (4) and (5) follow by

Results 2.4 and 2.5 for some b.") bV € U and tfl) in S\U as y;, t; € S\ U and where

il
1) 9k—Gk+1 1)9k—4s
z:yZ’f:f--«y?S andw(l):bl(ﬁg1 -~-b£) , we have
pi. D2 1,02
xl x2 ...xf’yl yz ...ygf
= b2 xlrydt el ag"tf"y,‘f’f | ---y¥ (by zigzag equations and Result 2.6)

_ PP Pr 41 G—1 . qx (1) 9k (D) (1) _qri qs
fr x] x2 ...xrry] .yk_lao bk-‘,—l ...bs l‘] yk—|—l ..,ysS (4)

_ PP Prod Gk-1 qiy (1) Gtt 1), (1)
— xllxzz...xr y]l...yk_laokbk+l ...bs w( )tl Z (5)
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_ PP Prodl | k-1 2gep(l) 1 1
= XXXy Vi) v1ay) byl by wl )tl Z

(by inductive hypothesis as yla% =yjaja; = apa; €U)

q ds 4q
= xB2 "'yzlff()’1al)q"a?kb/(cl+)1 e w(l)tl(l) ‘.
(by Result 2.5 as y; ,tfl) e S\U)
, _ 1) 4k 149k (1)4k
= ) ) b

(by Result 2.5 and definition of w(!))

_ P D2
= x5

(by Result 2.5 as 5", " {1 ™4 (V% — ye)

pr 41 k-1 Gk 19k
eV vy nan)fkay etz

= b2 xlry ---ka’ll (y1a1)%(ait;)%z (by Result 2.5 as y1,t; € S\U)

= byl (via1) % (aatr) 7 (by zigzag equations)

= b xlry ---yZ":f (via1)%adkt]*z (by Result 2.5 as y;,1, € S\U)

= D ary Ty (aan )kt z (by Result 2.5 as yi, 1, € S\U)

: _ 2) 4k 2)qk (2)dk
= xlljlxgz...xf y‘lh.yZ]:f(ylalaz)qkbl((ﬁl .bg ) té ) z
where the last equality follows by Results 2.4 and 2.5 for some b,(ﬁl, . ,bgl) inU, téz) in
S\U asy;, t, € S\U.
As the equalities (6), (7) and (8) follow by letting w(®) = bglqk_""“ D" and by Result

2.5 as yl,tz(z) € S\ U; by Result 2.5 as y) ,téz) € S\ U; and by Result 2.5 and the definition of

2)

w(? respectively, we have

P1.,.P2 . . Pryd1,492 ...\ 4
Xp X" XY ) ys'

o rd qk—1 (2) K
_ x1]91x1272._.x£7 )’11"'yk—1 (y]alaz)‘lkbk+1 -+ by ) Z



where the last equality follows by Results 2.4 and 2.5 for some b

S\U as y1,t,, € S\U. As the equality (9) follows by Result 2.5 as yj,

wlm) = bl(:?l

XXy
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(2) Gk+1 )

11

xflxgz . ‘xf’y?l . ‘ka:ll ()’1(11612)61"17,(+1 . ~b§2)qsw(2)t§2)q‘vz (6)
Ay agas) B P @™
(by inductive hypothesis as yjajaz = apaz € U)
APyt () #adn), b W@ (7)
Ay nan) b2 B (8)
xp b2 Xy ---yzkjll (viar)®™a%ti*z (by Result 2.5 asb,(i)lqk . -bﬁz)qktz(z)qk =3¥)
I ST
xtah2 ey Ity (vian ) (agm—stm—1) %z (by Result 2.5 as yy,t,,—1 in S\ U)
xtah oIty (vian )% (agm—1tm) ®z (by zigzag equations) ¢
xp b2 Xy ---yZ":ll (via1)%a¥k tltz (by Result 2.5 as y;,t,, € S\ U)
X txh2 eyt -yZ":ll (yiarazm—2)*t}*z (by Result 2.5 as yy,t, € S\ U)

= Ly (nanaan ) BB

(m)
PP

£

Gk —Gk+1 b(m)Qk—qr

N , we have

P2 41,92
A I LR U

dk—1

P1.,.P2 ..
Yk—1

m Gk+1 qu
xl x2 * b]((+)l * ...bg )

q1
oyt (viarazm—2)%

b§’") € U and t,(,,m) €

) e S\ U and where
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_ P12 pr 41 Gi—1 (m) qk+1 (m)ds (m) K
e 'xl _xz ..._xr yl ”.ykfl (y]alazm_])qkbk+l bS W(m)tm Z

(by inductive hypothesis as yjajazy—1 = apazm—1 € U)

P1,.P2 dk—1

9k 4k 9k
= Pyl ranaam )BT b

Im Z (10)
_ P1..P2 Pr.q1 Gk—1 q
= xllxz "'xrr}ﬁ Ve ()’lalaZm—l)qktme

(by Result 2.5 as 5", " .. p{™ ™1™ — v

— P1.,.D2 Pr 1 qk—1
= 'xl xz ...xrryl “.ykfl (ylalazm_ltm)qkyk+IQk+l ...ys%

( by Result 2.5 and the definition of z)

— P1..D2 Pr 41 dk—1 . .
= x5y x (e v  (aoaom) ®yg 1 Bt - -y (by zigzag equations)

= wi'w3---wi (by inductive hypothesis as apaz, € U),

where equality (10) follows by Result 2.5 as yy, t,(,,m) € S\U and the definition of wm),

Therefore

P1.,.P2 q1.,92 SN § B ) !,

Xy Xy Yy Y = wiwg e ewp
holds for all x{,x3,...X-,y1,¥2,...,¥s € Sand wi,wo,...,w, € U. O

Proposition 3.3:Let U be a permutative semigroup satisfying a seminormal permutation iden-
tity of a semigroup S such that Dom(U,S) = S. If U satisfies the semigroup identity (3), then (3)
also holds for all x1,x2,...,Xr,y1,Y2,.-.,ys €U and wy,...,wy

in S, where p1,pa2,...,Pryq1,q2,---,4s,t1,12,...,t, are any non negative integers
(rs,n>1);,pr<p2<-<pr1<prgs<gs—1 <@ <qrandt; <tr < -+ <ty

Proof: We show that (3) is true for all x;,xp,...,x,V1,¥2,...,ys € U and wi,wy,...,w, € S.
For k=1,2,3,...,r; consider the word w’llth2 - -wZ‘ of length #; +1, 4 - - - + 1. We shall show
that (3) holds for all wy,wy,...,w, € Sand x,...,x,,y1,...,ys in U by induction on k assuming

that the remaining elements w1, Wg42,...,w, in U. For k = 0, (3) trivially holds. So assume

that (3) is true for all wy,wy,...,w;_1 € S and for all wg,wiy1,...,w, € U. Then we shall show
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wr € S and wiyq,...,w, € U. If wy € U, then (3) holds by

inductive hypothesis. So assume that w; € S\U. As wy € S\U and Dom(U,S) = S, by Result

2.2, let (2) be a zigzag of minimal length m over U with value wy. Now for 1 <k <r

I,

W1W2 ..

In
n

S B) k-1 Ik Tk+1 ! ;
W3 - W ymas, iow ) - wi (by zigzag

equations and Result 2.6)

1, 1, 1,
v By b oy
(by Results 2.4 and 2.5 for some bgm), - ...,b,({ni)] el

and y,(nm) € S\Uas y,, € S\Uand ay,,, = agm—1tm

with t,, € S\U and where z = w{ w5 ---w}"!)

(m)tk m (m)tl ( )lkl te | Tkl 3
ym W )b1 by Wiy Wy

(by Result 2.5 as yﬁn ), tm € S\U and where

m k=1 Tk—tk—1
plm) = p{m* i_ﬁ )

Tk | Tk—1
oy VBB () WL

P _ _
(as a5, 1tm = Aom—1G2m—1tm = A2m—1a2m € U,

ygnm),tm € S\ U and U satisfies (3))

t t t
o VB bl (as i) W
(by Result 2.5 as ygn ), e S\U)
m) k- (m) Tk
o Bl (et

(by Result 2.5 as yﬁn ),tm € S\U and as

m)k—h m) e lk—1
I A

n
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Zygc’a;km—l (aZm—ltm)tkWZill . ‘Wf;'
1 t t
(by Result 2.5 as yz(nm),tm € S\U and as yg,,m) kbgm) L .b](c”i)l k_ Y

2(Ym@zm—1 )lk (azm—ll‘m)tszkill .- -Wiln

(by Result 2.5 as yy,, 1, € S\ U)

2(Ym—1a2m—2)"* (azm_ltm)tkw;ffl ---win (by zigzag equations)

Tk Tk te Tkl 1
Y1992 (A2m—1tm) Wiy wy

(by Result2.5 as y,,— 1,4, € S\U)
(m—1)%

(m—1)"% (m—1)% 1

D1 b1 by a2m—2(a2m—ltm)th;<kill Wi
(by Results 2.4 and 2.5 for some b&mil), .. ,b](:ﬁl) cU
and y,(nm:ll) € S\U as yy—1,tm € S\U)

_1\4 1\ _1\lk—
Zylsqnill)k"(m_l)bgm 1)1"'171(;?11)]( l(a2m—2612m—1tm)tkWZill"'WZZ
(by Result 2.5 as y,, 1,1, € S\U and where

1\t 1V te—

v(m—l):bgm 1)%* 1...;,]((':1)" * 1)

N 1t Ve
Zy,(,?ill) kv(m—l)bgm i ,,.bl(cnzl 1)l 1(02m73612m71tm)tszcill .

(as agm—3aom—1tm = aam—3azy, € U and U satisfies (3))

-1 i —_1h —1)k—1
I LI L PR AW St
(by Result 2.5 as yﬁnm:ll),tm e S\U)

—1Nk —1)k Dk
LR L UL NS

1\t 1\ Ttk—

(by Result 2.5 as y(m=1) = p{m=D* L plm D
and y"" 1, € S\U)
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1, 15
Y 1as 3 (@2m— 1tm)’kw,fjrll~ wi (by Result 2.5 as

YD e S\U and o DL

m—1

2(Vm—1a2m—3)" (Aom—1tm) W] -+ wh (by Result 2.5 as
ym—lvtm S S\U>

2(Ym—2a2m—a)*(a2m—1tm)" wZ‘fl ---win (by zigzag equations)

1y 1 Tk+1 t
Y284 (@2am—1tm)" Wig1 Wi

(by Result 2.5 as y,,—2,t, € S\U)

etk 1, '/

t 1 t
Zyg) kb(lz) "...b](i)l kaﬁf(azm—llm) kit i (by Results 2.4

and 2.5 for some b(12)7 .. ,b,@l € U and ygz) € S\U as yp,t,, € S\U)

1 t 1
zygz) kv(z)b(lz) : "'b1(<2)1 “ ]aﬁf(az,n 1m)" w]ffl ---win (by Result
I —t ty—ty—
2.5 as ygz),tm € $\U and where v(?) = bgz) o ---b,(i)l e 1)
2k U 2) k-1
Zyg ) v(z)b(1 ) ---b,ijl (agazm—1tm)" wZ‘fl ceewin
(by Result 2.5 as yéz),tm eS\U)
2k U 2) k-1
Zyg ) v(z)bg ) ---b]({_)1 (azazm—1tm)" wZ‘fl ceewin
(as azazy,—1tm = azaz, € U and U satisfies (3))
1 t 1
a5 VOB Bl (ot WL

(by Result 2.5 as yéz),tm eS\U)

)k, (2) 2) Tk ¢ !
5" b2 ol

t—t
(by Result 2.5 as yéz),tm e S\U and v? = bgz) o by

2) tk*tk—l)

15
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e I tew o Tkt1 s

(by Result 2.5 as ygz),tm € S\U and ygz)t"b(lz)t" = -b,(i)tf‘ =5)

z(y2a3)' (azm_ltm)’kw;ffl ---win (by Result 2.5 as y,t,, € S\U)

z(y1ap) (aZm_1tm)1”<w;€"f1 ---win (by zigzag equations)

'ty (azm_ltm)[kw;ffl ---wh (by Result 2.5 as y;, 1, € S\U)

1 1 1,
zyil) kbgl) ‘L -b,(ci)l katz"(azm_ltm)’kaj‘l ---wh (by Results 2.4 and

2.5 for some bgl), e 7bl(c£)1 € U and y(ll) € S\U as yj,t,, € S\U)

Dk nh 1) &1 t
Zy(l) v(l)bg) ---b,(CJI az"(azm_ltm)’kw,ffl---wfg

(by Result 2.5 as ygl),tm € S\U and where

W) (U

1)t i 1) e f
Zy(l ) v(l)bg ) ---b,(cjl (azazm_ltm)’kwk’jll ceewin

(by Result 2.5 as ygl),tm e S\U)

(1)’

4 V(l)bgl)tl

p ["‘1( )WLyt
k=1 \4192m—1lm) Wiy Wy

(as ara,—1tm = azaz, € U and U satisfies (3))

1) nh 1) fe=1 4 t
oAV OB B ot o

(by Result 2.5 as ygl),tm eS\U)

Dk, (1)% 1
Zy(l ) bg ) .b]((—)l atlk(ameltm)tkwl]Zj:II“'WZ’
=t t—t—
(by Result 2.5 as ygl),tm e S\U and v(D) = b(11) =ho b}gl_)l Tk 1>
*alk Heylk+l Lyt
Y1 aq (aszltm) Wit Wi

(by Result 2.5 as ygl),tm € S\U and y(ll)t"bgl)t" = -b,(cl_)tlk =)
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_ 1, 1 li—1 Her o Tk41 ,
= wilwy-w (Via1am—1tm) KWy w (by Result 2.5 as yy,t,

in S\U)

— iy 2 Tk—1 Ty Tkt ! ; ;
= wiwy - w T (aoazm)*wi | - -wir (by the zigzag equations)

= b2 xlry?tyd2 . yT (by inductive hypothesis as agazy, € U).
Therefore
I, 02 tw . P1.D2 Pry,d1,,92 q
W1W2 "‘W,,;l — _xl xz ...xr"yl y2 ...yss.

Now using Propositions 3.2, 3.3 and 3.4, we have the following:

Theorem 3.4:All semigroup identities of the form

PL P2 D A2 s — 2 Lt
Xp X G Y Yy Vg =W Wy Wy

are preserved under epis in conjunction with all seminormal permutation
identities for all non negative integers p1,p2,. .- Pryq1,42s---+qsst1,12, ... 1y

(rs,n>1);,p1<p2<-<pr1<Prqs <qs—1-- <@ <q1, 11 <trp <--- <t

Proof: Take any x{,...,x,,y1,...,Vs,W1,...,w, €S. Then by proposition 3.2, for any uy,uy,...,u, €

U, we have

1,.P2 1,92 J It !
xlf x127 ...xfrytll yg ...y?é :ulluzz...ur? (11)
Again, by proposition 3.3, for any vy,vs,...,v.s € U, we have

I, thy — ,P1,D2 Pr. 41 qs
WiWy =Wy =V V" Vy Vi1 " Vits (12)

Now,

p1.p2 q1.92

xp XXy gt eyl

L)

= ujuy---uy ( by equality (11))

= .. -vfrvﬁ] vl - ((as U satisfies (3))

)

= wiwy---wh (by equality (12))
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as required. 0

Similarly, we can prove the following theorem:

Theorem 3.5:All semigroup identities of the form

P1,.D2 Pr_ 10 tn 1 b In.
xl x2 .”'xrr_wlwz.”W}’?ZIZZ.”Z}’}T’

are preserved under epis in conjunction with all seminormal permutation
identities for all non negative integers p1,pa,...,Prt1,12, sty 11, by ly(nn,m > 1), pp <

P S<pa<p,th << <tyandly <l 1--- <L <.

Now using Theorems 3.4 and 3.5, Finally, we have the following main theorem which is the

extension of [1, Theorem 3.4]:

Theorem 3.6:All semigroup identities of the form

tl1 b I}

p1,D2 .
212 " T

q1.,.92 S B )
xl x2 ...x{?ryl y2 ...y?s_wlwz...w

are preserved under epis in conjunction with all seminormal permutation
identities for all non negative integers p1, P2, .. PryQ1s92s---+qs:st1s12, .. sty 1,y oy
(rs,pm>1); pr<p2<-<pr1<pp ¢s<Gs-1<q@<q, 1 <t < <ty and

Im <lp—y--- <D <.
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