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Abstract: This paper offers a new algebra, which is called the Liu algebra (which is named after author), because of
its origin in BCL* algebras, and connections between BCL" algebras and semigroups, have more complex structures,
or, saying a composite structure. While Liu algebras are dividing into two distinct parts that are structurally
independent, we think there are good reasons to mash them up, can be enforced by algebraic operations on
distributive laws. Here we introduce several new notions (i.e., ideal, funnel and deductive systems in Liu algebras).
We show that if G and H be two algebras, if G = H, then (L; *, +, 1) is an order isomorphism, and discuss some
properties for Liu algebras.
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1. Introduction

BCL-algebras and BCL* algebras are introduced by author in [1,2], which is a relative
new-comer in the history of algebra. Al-Kadi and Hosny in [3] introduced the concept of
deformation of such algebra in BCL-algebras and illustrate the connection between divisible
algebra and deformation function. Soft BCL-algebras are studied by Al-Kadi in [4]. The BCL*

algebras developed recently by author in [5-12], it involved partial order, lattice, topology,
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pseudocomplement, filtrations, ideals, deductive systems and funnels in BCL" algebras.

We know that the algebraic theory of semigroups occurs naturally in many areas of mathematics,
such as combinatorics, automata theory, operator algebras and probability theory. We do also
believe that semigroups, historically, to large extent, has based its prosperity by Clifford in
[13-15], Hall in [16-18] and Nambooripad in [19] with their good works.

Module theory is a composite structure of ring theory and abelian group theory. Similarly, this
paper offers a new composite structure, which is based on the well-known semigroups and BCL*
algebras (also known as Liu algebras, which is named after author). The aim is that to involve a
fresh approach for Liu algebras, and research that the properties and the results are interesting.

We will also illustrate it with some examples.

2. Preliminaries (1)

In this section 2, let’s first review some relevant concepts and state some results, as follows.

Definition 2.1 [2]. A BCL" algebra is a triple (Y; *, 1), where Y is a nonempty set, “*” is a

binary operation on Y, and 1€ Y is an element such that the following three axioms hold for
any x,y,ze/Y.

(BCL*1) x=*=x =1,

(BCL2) x#*y=1and y*x =1 imply x = y,and

BCL3)  ((xxy)rz)x((rz)ry)=(zxy)*x.

Theorem 2.1 [2]. Assume that (Y; *, 1) is a BCL" algebra. Then the following hold for any

x,y,z€Y.
(1) (x*(x*y))*yzl.
(i) x=*1=x implies x = 1.

i) (o p)x(orz))(zxp)=1.
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(iv)(BCL?2) x*xy =1and y*x =1 imply x = y.
Theorem 2.2 [8]. Let Y be a BCL" algebra. Let x<y iff x *y = 1. Then < is a partially

ordering on Y; that is (Y ; S) is a partially ordered set with greatest element 1 (and unit element)

of Y.
Theorem 2.3 [8]. Let H be a nonempty subset of a BCL* algebra (Y; *, 1). Then H is a

filtration if and only if it is a deductive system.

3. Preliminaries (2)

In this section 3, we recall some basic facts about semigroups which will be needed for this

paper.

Definition 3.1. A set G, which has generating set S < G with respect to a given binary
operation e, forms a semigroup if the following postulates hold:

(i) (asb)ec=ase(bec),forall a,b,ceq,

(ii) forany aeS andany be G, thereis at most solution, x € G, we have aex =5, and
(i) similarly for xea=5.

Definition 3.2. Let / be a nonempty subset of semigroups S, and assume that for each s €S and
a €1, there is defined an ideal (or a right or left ideal) of S denoted seaec/ and aesel.
Suppose that for each s€ S and ael, there is defined a bilateral ideal of § denoted

aeseqgc].

Theorem 3.1. Let S be a semigroup. Then S is a group for a,b € S, if and only if
aex=b and yea=h.

for x,y €S, there exist only solutions in S for these equations.

Definition 3.3. Let S be a semigroup and let < be an order relation on S. Assume that for all
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a,b,ce S,if a<b, wehave
aec<bec and cea<ceb.
Then we say that S is an ordered semigroup (S;e,<).
Theorem 3.2. Let S be a semigroup and let J be an index set, where {Ij | je J} is an ideal

variety. Then:

(1) Ulj is an ideal of S and

jeJ

(i) If ()1, #@.then (1, isanideal of S.

jeJ jeJ

4. Main results

Definition 4.1. A Liu algebra is a tetrad £ = (L; *, *, 1), where L is a nonempty set, two binary
operations * and ¢ defined on L. 1 is fixed element of L such that the following axioms hold for
each of the elements x, y,ze L.
(LA1)  (L; %, 1)is a BCL* algebra.
(LA2)  (L;*)is a semigroup.
(LA3)  xe(y*2)=(x°y)*(x*2).
(LA4) (*x)ez=(p*z)*(x*2).
Definition 4.2. Let L be a monoid. If 1€ L, then for all x € L, and we have
lex=x°*1=x
Definition 4.3. Let L be amonoid and let x e L. If y e L, then we have
xey=yex=1,
and thus x~' is the inverse of x in L, and it follows that y =x"".

Remark 4. 1. Hint that Definition 4.3, any nonempty subset of H closed under multiplication and
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taking inverses in H is a subgroup.

Definition 4.4. By Definition 4.3, it suffices to show that a group is made of multiplication to the
nonvanishing element on L, then £ = (L; *, *, 1) is called Liu group. If H < L is nonempty subset,

that two binary operations * and * on L are closed, then H is called Liu subgroup.

Lemma 4.1. Suppose that the Liu group H and that D  H be a nonempty subset. Let
x*y'eD and xey' €D forall x,yeD.Then D is a Liu subgroup of H.
Proof. Choose x € D. It suffices to show that

l=x*x"eD and l=xex'eD.

Now for y e D, we have

y'=1*y'eD and y'=ley'eD,
let xe D, we get
xX*y =x>i=(y’1)71 eD and xey =x0(y’1)71 eD.
Since 1e D,y e D forall ye D, we conclude that D has an identity and inverses and so is a
Liu subgroup.
Lemma 4.2. Let (L; *, *, 1) be a Liu algebra. For all a,be L ,wehave a™ =b™" ifand only if
a=b.

1

Proof. Let a=5b.Then a™' =b"". Conversely, suppose a' =b"", forall x e L, we have

x*a=x*b and xea=uxeb.
Now we can take x = a, or b. Then
a*b=b*a=1 and aeb=bea=1,

sothat a=5.

Definition 4.5. Let (L; *, *, 1) be a Liu algebra. A nonempty subset S < L is a subalgebra if §
is closed under tow binary operations * and ® in L. Assume that for all x, y € S, there is defined

aunique element x*ye S and xeyeS.Then we say that S is a subalgebra of L. (Of course,
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the (S; *, ¢, 1) itself is a Liu algebra.)

We now give an example of Liu algebras.

Example 4.1. Let L = {a, b, ¢, 1} and two binary operations * and ® on L can be represented by

Table 4.1. BCL* operation

* g b ¢ 1

a 1 1 c 1
b a 1 c 1

Table 4.2. L(X) operation

e a b ¢ 1

a 1 1 1 1
b a 1 1 1

By Definition 4.1, Definition 4.3 and Definition 4.4, if we let x =a,y =5 and z =c, then (L; *,

*, 1) is a Liu algebra, but is not a Liu group. If a,b,c € §, the elements, c*be S, b*aeS
and cebeS, beac§,then {c, b} and {b, a} are subalgebras of L.

Theorem 4.1. Let (L; *, *, 1) be a Liu algebra. Then the following hold for each x e L:
i) lex=xe1=1and

(1) Suppose that b is the maximal element in L. Then x ®* b and b * x are also the maximal
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elements.

Proof. For part (i), by Definition 4.1 (LA1), (LA4), we see that
I=ex)*x(lex)y=(1*x1)ex=1°x
and
l=(xel)*x(xe*l)=xe(1*1)=xc°l.
Thuslex=x°*1=1.
For part (ii), let b = b * (1 * b) be the maximal element, by Definition 4.1 (L3), we see that
(xeb)*((xo1)*(xeb))=(x*b)*(x*(l=*b))
=x*(b*(1%b)
=x°b.
We also use the same method to prove b * x. O
Theorem 4.2. Let (L; *, *, 1) be a Liu algebra and let x,y,z€ L.Then x <y implies
zex<zey and xez<yez,
Proof. Since x <y, and we can write x * y = 1. We now have
GenxEen)=ze@ep=ze1=1,
sothat zex < zey,asdesired. In the case where xez < yez, isproved similarly. [

Theorem 4.3. Let (L; *, *, 1) be a Liu algebra and let x<y.Forall x,y,zeL,if x*xy=1.

Then < is a partial ordering on L. (The partial ordering Liu algebras, denoted by (L; *,*, <, 1)

or po-Liu algebras.)

Proof. The proof is immediate by Theorem 2.2 and Definition 3.2. a
Definition 4.6. Let £ be a nonempty subset of BCL* algebras (Y; *, 1), we say that £ is called an
ideal of Yif

(BE1) 1leE,
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(BE2) Forall x,yeY, y*xeE and xe E imply yeE,and

(BE3) Forall x,y,ze?, (z*(y*x))*er.
The following is the extension of Theorem 3.2 to BCL* algebras.

Theorem 4.4. Let {Ik | ke K} is an ideal variety of BCL" algebras (Y; *, 1). Then

n I {Ik | ke K} is an ideal chain (i.e. between any two elements can compare in 1, ). Then

U[k is an ideal of Y.

keK

(i1) ﬂ I, isanideal of Y.

keK

Proof. For part (1), of course, we have 1e U I, . Now suppose that y*xe U I, and xe U I,

keK keK keK

we have k,,k, € K. Then y*xel, and xel, .Wemayassume that [, </, ,then
y*xel, and xel, ,where I, isanidealof?.Since yel, gUlk.We prove Definition
kek
4.6 (BE2). We know that we can write
zx((z#(rxx))xx)=(* (y#x))* (2% x)
> (y#x)*x
>y,
and
V,Z€ Ulk,imply (z*(y*x))*xe Ulk.
keK keK

In fact, since y*erIk,wehave k,, k, € K, and so z*(y*x)e]kl, I, . Since
keK

xel,, I, .Then

(Z*(y*x))*xEIk,a I, < Ulk’

keK

and the proof that Definition 4.6 (BE3) is satisfied. Thus U I, isanideal of V.

keK

For part (i1), assume k € K andlet 1< /,. Then we can choose 1e ﬂ I, . Let
keK
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y*xe ﬂlk and xeﬂlk.Sinceforeach keK.Then y*xel, and xel .If I, isan

keK keK

ideal of Y. Than y e /,.Thisyields ye ﬂ I, , and thus ﬂ I, is anideal of Y. We prove

keK keK
Definition 4.6 (BE2), is also. We also use the part (i) method to prove
(zx(y*x))*xe I, I, < ﬂlk.Thus ﬂlk is an ideal of Y. O

kekK keK
Definition 4.7. Let K be a nonempty subset of Liu algebras (L; *, ¢, 1),let a e K, xe L. We
say that K is called an ideal of L if
(LK1) x*aeK implies xe K,
(LK2) aexeK and xeae K imply xeKk.
Remark 4.2. Hint that Definition 4.7, we discuss a few examples of ideals. For any Liu algebras,
of course, the L itself and {1} are ideals of L. Beyond that is called a principal ideal Liu algebra,
or a PKL.
Example 4.2. Example 4.1 shows that {c, b} and {b, a} are subalgebras of L, but {1, a} isnota

PKL, since b*a=a,butweconclude that bg {1, a}.

Theorem 4.5. Let (L; *, *, 1) be a Liu algebra and suppose x € L. Then the following are ideal
of semigroups (L; *®):

(1) M(L):{xeL| l*x:l} and

(11) V(L): {xeL| 1*x=x}.

Proof. For part (i), let ae M (L) (viewed as a set) and x € L. To see that this hold, write

1 *x=1. Then
(lex)s(aox)=(ae1)*(asx)
:a.(l*x)
=qel

=1,

and
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(Lex)*(xea)=(1ea)(xea)
= (l*x)oa
=leqg
=1,

andso aexce M(L), xeac M(L), we now know that M(L) is an ideal of semigroups (L; ®).

Part (ii) is proved similarly. 0

That is as far as an application of Theorem 4.4 and Theorem 3.1, a similarly result is an ideal

variety, there also exists in Liu algebras, and we give the following corollary.

Corollary 4.1. If {]k | ke K} is an ideal variety of Liu algebras (L; *, *, 1), then

1 If {Ik | ke K} is an ideal chain (i.e. between any two elements can compare in 1, ). Then

U I, isanideal of L.

keK

(i1) ﬂ I, isanideal of L.

keK

Corollary 4.2. Let Q be a nonempty subset of Liu algebras (L; *, *, 1). Then Q is an ideal if and

only if
(1) Qs anideal of BCL" algebras (L; *, 1), and

(1) Qs an ideal of semigroups (L; *®).
Definition 4.8. If D be a nonempty subset of a Liu algebra (L; *, ®, 1). Then we say that D be a

deductive system of L if the following two axioms are satisfied:

(DS1) 1eD and

(DS2) xeD, x*xyeD and xeyeD imply yeD.
Lemma 4.3. Let (L; *, *, 1) be a Liu algebra and x,y,z € L. Then

xe(yez)=ye(xez).
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Proof. In fact

vo(yez)=(xey)ez=(rex)es=yolrsz).
This completes the proof. a
Theorem 4.6. A nonempty subset K of a Liu algebra (L; *, *, 1) is an ideal if and only if it is a
deductive system.
Proof. Let K be an ideal, we show now that if 1€ K. Then Definition 4.8 (DS1) is satisfied. To

prove Definition 4.8 (DS2) suppose a € K and x*a=a, € K forsome xe L. Thenby

Definition 4.7 (LK1), since 1€ K, we have
a, :(x*a)*xeK,

and so

x=1*x

=(((xxa)xx)*((xxa)#x))x

= (a2 >!<(a1 *x))*x e K.
Thus a e K and a*x e K . Using the same methods we get
x=lexeK and x=xeleKk.
Taken together, it imply x € K . We prove Definition 4.8 (DS2). Then K is a deductive system.

Conversely, if K is a deductive system, then 1€ K, we have
a*(a*x)s(a*a)*(a*x)
=1 (a * x)
=1=* (a *a) ,
=1=x*1
=lek,

by Lemma 4.3, we have

ae(xea)=xe(aea)=ael=1€eKk,
and

as(aex)=(asa)ex=lea=1cK.

This for a€e K imply xeae K and aexe K, forevery x e L.Hence Definition 4.7 (LK1)
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and (LK2) are satisfied. O

Definition 4.9. Let G and H be two Liu algebras and assume that the corresponding mapping

0:G — H is abijection. We say that § is an isomorphism for all x, y € G, then

(i) Olxxy)=0(x)%6(y) and

(ii) Olxey)=0(x)30(y),

where, *,% are two binary operations of /. We say that G and H are isomorphic, and we write
G = H 1if an isomorphism between them exists.

Remark 4.3. Note thatif 6:G — H is an isomorphism, then "' : H — G is an isomorphism

also. In addition, if x: H — P is another isomorphism, it is routine to check that 7:G — P

is an isomorphism, and gof=r.

Theorem 4.7. Let G = H . Then (L; *, *, 1) is an order isomorphism.
Proof. Choose & suchthat :G — H,let x<y,wecanwrite x*y=1.

Then we have

and let xey=1.Then

0(x)3 0(y)=0(xey)=0(1)=1.
As above, this order H(x) < H(y). This completes the proof. O

Theorem 4.8. Let G and H be two Liu algebras and assume that the corresponding mapping
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0:G — H is a bijection. Let Q be an ideal for the Liu algebras G. Then H(Q) is an ideal of H.
Proof. (i) To prove that H(Q) is an ideal of BCL" algebras (L; *, 1). If Q is an ideal of G, since

leQ,wehave 1=0(1)e Q). Let x,yeG and X,7 € H.If ¥,7 %% e 6(Q). Then there

and so
O(y*x)xz)=0(y*x)¥0(z) =1,
and
= 00)1=0()3 6l(y » )+ 2) = 63+ ((y +)+).
where

(r*x)s((yxx)rz))xz=1€0,
we conclude that 7 € (Q) and 6(Q) are ideal of H.

(i1) To prove that H(Q) is an ideal of semigroups (L; ®). Let X € H,a € G(Q), since G=H .
Then there exists x € G,a € Q, and we have ¥ =6(x) and @ = 6(a). Since Q is an ideal of
semigroups, by Definition 4.7 (LK2), we can write aexeQ and xea < Q, and we have

a%%=0(a)%0(x)=0(aex)e(0),
and
X3 =0(x)30(a)=0(xea)ec0(Q).

This completes the proof.

Corollary 4.3. Let G and H be two Liu algebras and map 0: G — H . Suppose P is an ideal of

H.Then 6" (P) isanideal of G .



14
YONGHONG LIU

The following definition is very useful.

Definition 4.10. Let F' be a nonempty subset of Liu algebras (L; *, ¢, 1) and assume that
LxF=F and LeF=F.

Then F is a funnel of Liu algebras.

Example 4.3. Example 4.1 show that F = {1, ¢} is a subset of L, it is also a funnel of Liu

algebras (L; *, *, 1).

Theorem 4.9. If (L; *, *, 1) is a Liu algebra, then L is a funnel.
Proof. The proofis simple. Let 1 = F, we get

l=L*L=F,
and

l=Lel=F.

By Definition 4.10, we have L = F. O
Theorem 4.10. Let H be a funnel of Liu algebras (L; *, ®, 1). Then there exists 1< H .

Proof. Let H be a funnel of Liu algebras, in particular, 0= H.Then H = L* H . By Definition
4.10,if a < H, then

l=a*acL*H=H,
and

l=aeacLeH=H,

andso 1c H. O
Theorem 4.11. Let H be a funnel of Liu algebras (L; *, ®, 1). Then H is a subalgebra of Liu

algebras.

Proof. Let a,b € H . Then by Definition 4.10, we have

axbe HxHcL+*H=HcL,

and
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aesbe HeHcCcLeH=HCL.
therefore, this proves the funnel H is a subalgebra of Liu algebras. O

Remark 4.4. Strictly speaking, the converse of Theorem 4.11 is not true in next example.

Example 4.4. H = {a, c} is a subset of L, but it is not a funnel of Liu algebras (L; *, *, 1) in

Example 4.1.

5. Conclusion

It turns out that BCL" algebras are a very interesting area of research in the theory of algebraic
systems in mathematics. In the present paper, the BCL* algebras plays a central role in Liu
algebras, and the semigroup is actually helping one important aspect of Liu algebras, so we put

some useful definitions and properties into Section 4, Main Results.
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