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Abstract. This paper studies congruences on a *-bisimple type A I-semigroup in the light of known results in
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1. Introduction and Summary

Let S be a semigroup and let E (S) denote the set of its idempotents. As well known, E (S) is partially
ordered in the sense that: if e, f € E(S),e < f ifand only if ef = fe = e. Let I denote the set of all
integers and let N° denote the set of nonnegative integers. A semigroup S is called an I-semigroup if
and only if E (S) is order isomorphic to | under the reverse of the partial order. The *-bisimple type A
I-semigroup have been classified by Shang and Wang in [9]. The case in which D* = D was shown
to be the generalized Bruck-Reilly *-extension of a cancellative monoid.

The main purpose of this paper is to present an explicit description of the congruences on *-bisimple
type A I-semigroups.

This work is divided into 5 sections; section 2 contains some preliminaries and results concerning *-
bisimple type A I-semigroups. The content of section 3 is the characterization of the idempotent-
separating congruences on *-bisimple type A I-semigroups. A description of the minimum
cancellative monoid congruence on *-bisimple type A I-semigroup is the subject of section 4 while
the maximum idempotent-separating congruence is treated in section 5.

Now we recall some definitions which will be useful in the study. Terms not given here can be found
in [4], [6] and [9], for more detailed knowledge.
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A semigroup S is said to be

» regular if all its elements are regular. Let S be a semigroup. An element x € S is said to be regular if
there exists y € S such that xyx = x.

* unit regular if for each x € S there exists a unit y of S for which x = xyx.

» An element x € S is said to be coregular and y its coinverse if x = xyx = yxy. S is coregular if all
its elements are coregular.

» orthodox if it is regular and the set E(S) of idempotent elements of the semigroup S forms a

subsemigroup.

Let S be a semigroup and a,b € S. The elements a and b in S are said to be R*-related written
aR* bifandonly if a and b are related in R in some oversemigroup of S. Dually, we can define the
relation L£*. The following Lemma gives an alternative characterization of R*, the dual for the relation
L*.

Lemma 1.1 [4]. Let S be a semigroup and a, b € S. Then a R* b if and only if for all x,y € S, xa =
ya if and only if xb = yb.

As an easy but useful consequence of Lemma 1.1, we have

Lemma 1.2 [4]. Let S be a semigroup and a,e? = e € S. Then a R* e if and only if for any x,y € S1,

xa = ya implies xe = ye.

The join of the equivalence relations R* and L* is denoted by D* and their intersection by F*. Thus
aH*bif and only if aR*banda L*b. In general R* o L* + R* o L* (see [4]). Basically, a D*b if
and only if there exist elements x;, x5, ..., X;,_1 in S such thata L*x;R*x, ... x3,_1R" b.

Following Fountain [5] a semigroup is an abundant semigroup if every L*-class and every R*-class in
S contain idempotents. An abundant semigroup S is an adequate [5] if E(S) forms a semilattice. In an
adequate semigroup every L*-class R*-class contains a unique idempotent.

Let a be an element of an adequate semigroup S, and a* (a™) denotes the unique idempotent in the
L*-class Ly (R*-class R} ) containing a.

Fountain in [3] introduced the concept of right type A semigroup as special type of right PP monoids
which is e-cancellable for an idempotent. He followed it in [4] with introduction of type a as an
adequate semigroup satisfying certain internal conditions. An adequate semigroup S is a type A
semigroup if ea = a(ea)* and ae = (ae)ta for allae S and e e E(S). If a type A semigroup S
contain precisely one D*-class it is said to be a *-bisimple type A semigroup. *-bisimple type A

semigroup has been studied in [1].

2. The *-Bisimple Type A I-Semigroup
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In [9], Yu Shang and Limin Wang considered a similar construction of the one given earlier by Warne
[10]. They used this construction to give the structure theorem for *-bisimple type A I-semigroups.

We now introduce the construction.

Let M be a monoid with 7 as the H *-class which contain the identity element 1 of M. LetS =

M x I x I (where I denotes the set of all integers) with multiplication defined by the rule

(. fu p- YO P fpgm,n+q —p) if n>p
(x' m, Tl) (y' p, Q) =
(Frm-x0P ™ fy .y, m+p—n,q) ifn<p

where 6 is an endomorphism of M with images in 7;. 6° denotes the identity automorphism of M,
and for me N° nel, fy, =1, theidentity of M, and for m > 0, frn = Up410™ Lupy,0™ 72 ...
Ut (m-1)0- Unsm AN frhy = UnTm. Untm-1)0 - Uni20™ 2 upt,0™77, where {u, Inel} is a
collection of elements of H; with u, =1 if n > 0.

Under the above multiplication, S = M X I X I is a semigroup (see [9]) and this semigroup is called
the generalized Bruck-Reilly *-extensions of M determined by 6 and it is usually denoted by S =
GBR*(M, 6).

The following results are proved in [9]. We give a sketch proof of (i), (iii) and (v)

Lemma 2.1. Let (x,m,n),(y,p,q) € GBR*(M,8). Then

(i) (x,m,n) L (y,p,q) ifandonlyif n=gqgandx L*(M)y.

(i) (x,m,n) R* (y,p,q) ifandonly if m =pandx R*(M) y.

(iii) (x,m,n) € E(GBR*(M, 9)) if and only if m = nand x € E(M).

(iv) (x,m,n) has aninverse (y,p,q) € S ifand only if p = n,q = m and x is the inverse of y e M.

(v) GBR*(M, 0) is a type A semigroup if and only if M is a type A semigroup.
Proof. (i) Let (x,m,n) L* (y,p, q). For (e, 0,0),(e,n,n) e GBR*(M, 6) we have
(x,m,n)(e, 0,0) = (x,m,n)(e,n,n),
., q)(e,0,0) = (y,p,q)(e,n,n).
Consequently,
v,p,q) = (v,p,q)(e,n,n). If q < n,this gives
0,00 = (falyp-¥0" 9. fagq-e,p +n—q,n).
Comparing the third coordinates gives g = n, which is a contradiction. Thus g = n.

Similarly, using the idempotent (e, q, g) we have
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(X’. fn_—lq,q 'een_q-fn—q,qr mn+q— CI) if n> q
(x,m,n)(e,q,q) = |
(fim - x0T ™ fo_yn.em+q—n,q) ifn<gq

So we deduce that ¢ < nand so q = n.
Conversely, let n = q. For any arbitrary elements (v, i, j), (w,l, k) e GBR*(M, ),
(x,m,n)(w,i,j) = (x,m,n)(w, [, k).
Suppose n=>iand n>1.Then
(e fplis O™ g pmn 4+ j — i) = (x fy 2 WO fo e mon + k — 1),
Comparing the first and the third coordinates gives
X Sl VO i = X fu WO e and n+j—i=n+k—L
This implies
Ve frdii VO™ fsii = Y fu w0 e and n+j—i=n+k—L
Hence, (y,p,m)(,i,j) = v,p,n)(w,L k).
(ii) The proof is similar to the proof of (i).

(iii) Let (x,m,n) € E(GBR*(M, 6)). Then
(x,m,n) = (x,m,n)(x,m,n) =

(x. fritm- X0™ ™ fy M N+ 1 —m) if n>m

(Frtm-x0™ ™ frnepn-X, m +m —n,n) ifn<m
thus m = nand x? = x.
Conversely, let m = nand x € E(M). Then certainly (x,m,n)(x,m,n) = (x,m,n). From which it

follows that (x,m,n) e E(GBR*(M, 9)).
(iv) The proof is clear.

(v) We only prove that GBR*(M, @) is right type A, as the proof that GBR*(M, 0) is left type A is

dual.
Let (e,m,m),(e,n,n) € E(GBR*(M, 0)). Suppose that m > n. Then
(e,;mm), (e,n,n) = (e finlnn€0™ ™ frn-nn m)
= (fintnn-€0™ ™ fn_nn.-€,m,m)
= (e,n,n)(e,m,m).
Thus the idempotents of GBR*(M,6) commute. So every L* -class of GBR*(M,0) contain an

idempotent.
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Let (x,p,q) € GBR*(M, 8). Suppose m = p.Then
(0, Qllemm)(x,p, 1" = (x,p,q)(e- frnlpp- X0™ P frn_pgmm+q—p)
= (o0, Qe finlpp-X0" P f_pgm+q—pm+q—p)
= (e, m,m)(x,p, q).

Theorem 2.2 (Structure theorem)
LetS = GBR*(M, 0) be the generalized Bruck-Reilly *-extensions of M determined by 6. Then S is a
*-bisimple type A I-semigroup. Conversely, every *-bisimple type A I-semigroup is isomorphic to
GBR*(M, 6).
Proof. It is known that S = GBR*(M, 0) is a type A semigroup. That S is *-bisimple follows from
Lemma 2.1 (i) & (ii).
Next, let e,, = (e, m,m) and e, = (e,n,n) € E(S). Then for m > n.
emen = (e, mym)(e,n,n) = (e. frnlnn-€0™ ™ fru—pnmm+n—n)

= (e,m,m) = e,

= (e,n,n)(e,m,m) = epen,
Thus e, < e, if and only if m > n, which shows that E(S) is a chain

> (e,-2,-2)>(e,—1,—-1) > (e,0,0) > (e,1,1) > (¢,2,2) > -+-

Hence S is a *-bisimple type A I-semigroup. The converse of the proof is a routine check.

From Lemma 2.1(iv), we have the following result
Corollary 2.3. Let M be a monoid. Then S = GBR*(M, 6) is regular if and only if M is regular.
The following results show some other properties of S = GBR*(M, 6).

Proposition 2.4. Let S = GBR*(M, 8). Then S is unit regular if and only if M is unit regular.
Proof. Let S = GBR*(M,8) be unit regular. Then for any (x,m,n) € S, there exists an element
(y,n,m) e G (where G is the group of units of GBR*(M, 6) ) such that
(x,m,n)(y,n,m)(x,m,n) = (x,m,n).
By considering left-hand side of the equation, we get
(x,m,n)(y,n,m)(x,m,n) = ((x,m,n)(y,n,m))(x,m,n)

= (% fiton YO ™ fucpmemn + m —n)(x,m,n)

= (xy,m,m)(x,m,n) = (xyx,m,n).
Therefore we obtain x = xyx. Consequently, M is unit regular.
Conversely, let us suppose that M is unitregular. Then for x e M, there exists an element
x € Gy (where G, is the group of units of M) such that obtain x = xyx. Now we need to show that
forany (x,m,n) e GBR*(M, 8), there exist an element (y,p, q) € G, such that

(x,m,n) = (x,m,n)(y,p,q) (x,m,n).
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Here we take p = n, g = m, then we have (x, m,n) (y,n,m)(x,m,n) = (xyx, m, n). Since we have
x = xyx, for any x e M,y € Gy;, we obtain (x,m,n)(y,p,q)(x,m,n) = (x,m,n). Thus S is unit

regular.

Proposition 2.5 Let M be a monoid. Then M’ = {(x, m, m) | xeM,meN°} < GBR*(M,0) is
coregular if and only if M is coregular.

Proof. Let M' < GBR*(M, 8) be coregular. Then for (x,0,0) e GBR*(M, 0), there exists an element
(y,n,n) e GBR*(M, 8) such that

((x, 0,0)(y,n, n))(x, 0,0) = (xyx,n,n) = (x,0,0) (D

(0, n,1)(x,0,0))(y,n,n) = (yxy,n,n) = (x,0,0) (2)
From (1) and (2), we have that n = 0, xyx = x and yxy = x. Thus M is coregular.
Conversely, let M be coregular. Then there exists y e M, with xyx = x and yxy = x. Thus for
(x,m,n) e GBR*(M, 8), we have
((x, m,n)(y,m,m))(x,m,m) = (xy,m,m)(x, m,m)
= (xyx,m,m)

= (x,m,m).

(v, m,m)(x, m,m))(y, m,m) = (yx, m,m)(y, m,m)
= (yxy,m,m)
= (x,m,m).

Therefore, M' = {(x, m,m) |x e M,meN°} < GBR*(M, ) is coregular.

It is important to note that not all regular semigroups are coregular. This is shown in the example

below.

Example 2.6. Let X and Y be non-empty sets and set T = X X Y with the binary operation
(e, y)(w,v) = (x,v), forall x,ueX, y,veY.
It can be easily seen that T is a semigroup. This semigroup is called a rectangular band. T is also
regular, since for (x,y), (w,v) € T we have (x,y)(w,v)(x,y) = (x,y).
To show that T is not coregular, let (x,y), (u,v) € T, then we have

(e, ) (w,v)(x, y) = (x,y),

(w, v)(x,y)(w,v) = (w,v).
So (x,y) # (u,v). Thus T is not coregular.

In the next theorem, we consider the orthodox property of GBR*(M, 0)

Theorem 2.7. LetS = GBR*(M, 6).Then S is orthodox if and only if M is orthodox.
Proof. Let GBR*(M, 6) be orthodox. By Corollary 2.3, we know that M is regular. Then it remains to
show that E (M) is a subsemigroup of M. In particular for each e, e’ € E(M),
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(e, mm)(e’,mm) = (e fntmm-€' 0™ ™. fnmm mm+m—m)
= (ee’,m,m)

is an idempotent of GBR*(M, 8) and so (ee’)? = ee’. Hence M is orthodox.
Conversely, let M be orthodox. Then M is regular, and E(M) is a subsemigroup of M. By Corollary
2.3, we know that GBR*(M, @) is regular.
Next, we show that (e, m,m)(e’,n,n) € E(GBR*(M, 6)). From the multiplication (e, m,m)(e’,n,n),
we have the following cases:
Case (1): If m > n, we have

(e,m,m)(e’,n,n) = ((e.f,,j}n,n )-(e'0™ ™ frn-nn)mm+n— n)

= ((e.f"jln,n )-(e"0™ ™ frn—nn)m, m).
Since e, e’ € E(M), we deduce that e. f,;1,,,e 6™ ™ f_nn € E(M).But the idempotents in M are
commutative, consequently
(e fintnn )-(e'0™ ™ frn—nn) = (/0™ ™ frn_nn)- (e fintnn )-
So (e'0™ ™. frn_nn), (e fintnn ) € E(GBR*(M,0)). Therefore E(GBR*(M,6)) is a subsemigroup of
GBR*(M, ).

Case (2): If m < n, we have
(e, m,m)(e’,n,n) = ((fn‘_lm,n 0™ ™) (fu—mm-€')m+n—m, n)

= ((fn_—lm,m . egn—m). (fn—m,m- e'), n, n)-
From here, since (fum-€0™ ™), (fu—mm-e') € E(M) and the idempotents in M are commutative,

we deduce that E(GBR*(M, 6)) is a subsemigroup of GBR*(M, 6).

The connection between the Green’s *-relations and congruences lies on the fact that £* is a right
congruence and R* is a left congruence. It can be easily verified that F* is a congruence on S =

GBR*(M, 0). In our next section, we shall characterize the congruences on S = GBR*(M, 6).

3. ldempotent-separating congruences

The following terms adopted from [8] will be used in the description of congruences on *-bisimple

type A I-semigroups.

Definition 3.1. LetS = GBR*(M,6) be a *-bisimple type A I-semigroup where 6 : M — H7. Let
JH* = p beacongruence on S. Let us use p(M) to denote the congruence on M induced by p, via the

restriction of p to the monoid {(x,0,0) : x € M}.

Definition 3.2. A congruence y on M is said to be @ -admissible if xyy implies x0y y0,
forany x,y e M.
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A typical idempotent-separating congruence on S = GBR*(M, 6) is characterized as follows:

Theorem 3.3. Let S = GBR*(M, 0) be a *-bisimple type A I-semigroup and let p be a congruence
onS = GBR*(M,8).Then p(M) is 6-admissible. Conversely, if y is any 68-admissible congruence
on M, then the relation on S defined by

[(x,m,n)(y,p,q)] ey(S)ifandonlyif m=p,n=gqand (x,y)ey
is an idempotent-separating congruence.

Proof. Suppose x p(M) y. Then we have that (x, 0,0) p (y,0,0).
Consequently,
(x,0,0)(e, 1,1)p (v,0,0)(e, 1,1).
But (x,0,0)(e,1,1) = (fig -x0f10-€,1,1) and (y,0,0)(e,1,1) = (fig .¥0f10-€ 1,1).
Thus (fig .x0fi0.e1,1) p (fid - ¥0f10.-€,1,1) = (x8,1,1) p (¥6,1,1).
Since (x6,1,1) p (y6,1,1), then (x6,1,1) = (y6,1,1).
Also we have (e, 0,1)(x6,1,1)(e, 1,0) p (e, 0,1)(y0,1,1)(e, 1,0).
But (e, 0,1)(x6,1,1)(e, 1,0) = (x6,0,0) and (e, 0,1)(¥6,1,1)(e, 1,0) = (y6,0,0).
Thus (x6,0,0) p (y8,0,0). Since (x6,0,0) p (y6,0,0),then x6 p(M) yé.
Conversely, let y be a 68-admissible congruence on M. We first show that y(S) is an equivalence
relation.
[(x,m,n)(x,m,n)] € y(S) since (x,x) ey. Thus y(S) is reflexive. By definition, y(S) is symmetric.
To show transitivity, let (x,m,n) y(S) (yv,p,q) and (y,p,q) y(S) (z,i,j) forall (x,m,n),(y,p,q),
(z,i,j) e S. Thenwehave m=p, n=q, (x,y)ey andp=1i, q=j, (y,2) €y.
Consequently, m = i, n = j. Hence (x, z) € y, which means that y(S) is transitive.
Next is to show that y(S) is a congruence. Now let a = (x,m,n), b = (y,p,q). That y(S) is a
congruence entails showing that
a y(S) b implies ax y(S) bx  (for right congruence)
a y(S) b implies xa y(S)xb  (for left congruence)
Vx=(zk1)eS=GBR"(M,B).

Consequently,

(% fri i 20" K fogomn+ 1 —k) if n>k
ax = (x,m,n)(z k1) =

(fitom- X0 ™ fy_pn.zm+k —n,l) if n<k

(y.fq__lk,k.z@q_k.fq_k,l,p, qg+1l— k) ifg=>k
bx = v,p,)(z, k1) =

(Filap-v0* U fy—qq-20 +k—q,1) if q<k

Soif (x,m,n)y(S) (y,p,q), then

(x,m,n)(z,k,D)y(S) (.o, ) (z, k1) =
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(% frr - 20" % fupomn + L — k) if n>k
(fitm- X0 ™ fr_pn.z,m+k —n,l) ifn<k
(Y-fq_—lk,k'Zeq_k-fq—k,l'p'q +1- k) ifqg=k

y(S) ) . _
(fk'_q,p.yG " fk—qq-zptk—q l) ifg<k

But (x,m,n) y(S) (y,p,q) ifandonlyif m=p,n=q and xyy.

Thus, we have that

(% firlipe- 26" g mn + 1= k) ifn>k

(fitom- X0 ™ fi_pn.zm+k —n,l) ifn<k

(}’-fn_—lk,k-zen_k-fn—k,l;m,Tl +1- k) ifn=>k
y(S)

(fk__ln,m.y@k_”.fk_n,n.z,m +k—n, l) ifn<k

Hence y(S) is a right congruence.

That y(S) is a left congruence follows similarly. Thus y(S) is a congruence.

Futhermore, (e,m,m) y(S) (e,n,n) = m = n which implies that (e,m,m) = (e,n,n). Thus y(S)
is an idempotent-separating congruence.

Remark 3.4. F* is an idempotent-separating congruence on S = GBR*(M,8) and y(S) & H™.

4. Minimum cancellative monoid congruence

The idea of the minimum cancellative monoid congruence is to obtain a congruence ¢ on S, a type A
semigroup with respect to which S/ is cancellative.
Here we will determine the minimum cancellative monoid congruence on S = GBR*(M,8), as

follows:

Now let (h,m,n),(x,i,j) €S = GBR*(M, 0).Define arelation ¢ on S = GBR*(M, 0) by the rule
(h,m,n) o (x,i,j) ifandonlyif m—n=1i—j, h0' = x6™ and x0* = h6™.

Lemma4.1l. o isacongruenceon S.

Proof. That o is symmetric and reflexive is known. To show that o is transitive, let
(h,m,n) o (x,i,j) and (x,i,j) o (y,p, q) for (h, m,n), (x,i,j),(y,p,q) €S.Then m —n=1i—jand
i—j=p—qgandsom—n=p—q.

Consequently, x8° = h6™ and y8P = x0' implies yoP = ho™.
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Also  h'=x6™ and x0P = yO' implies that ho' = (yo'"P)e™ = yo'~P*™ Then hO™*?P =
yQi~PTmAP — ygitm  Hence hP = yA™ which shows that o is transitive.
Next we show that o is a congruence. Now let u = (h,m,n), v = (x,i,j). That ¢ is a congruence

we show that ¢ is both a left and right congruence. That is

V z€S, uocv=uzovz (forright congruence)
and
VzeS wuov=zuaogzv (forleft congruence).

Let z=(y,p,q) € S. Then

(h i YO P f—pgmn+q—D) ifn>p
uz = (h, mn)(y,p,q) = _
(fp_—ln,n- hep_n-fp—n,n-y'm tp—n Q) if n< p
and
(x- [ pp-¥0 P fipatj +a— D) ifj=p
vz=(x1,j)y,pq = » _ . _ .
(- %07 fp iy i+ D=, q) if j<p

Evidently if (h,m,n) o (x,i,j), we have
m—-—m+q-p)=m-n+@P-q ad i-(+q-p=>0-N+@P—-q
m+p-n—q=m-n)+@®-q) and i+p—j—q=>0-)D+@P-9.
Butm—n=i—jandso im—n)+@-q@)=>0—j)+(p—9.
For the first outer part, we know from definition that h6 = x6™ and h6™ = x6/. It suffices to
show that  (h6P~™.y)01*P~) = (xgP~J.y)gm+P—n,
Considering the left hand side of the equation we have
(hOP~™.y)Qi*+P~] = pP+P+i-n=j ygp-j+i
= h@i*®P+p)=j—n ygitr-j
= (hgi)gp—j—n+p_y9p+(i—j)
But i—j=m—n and h8' = x8™.
Therefore, (h6Y)@P~I=P ygP*(=)) = (xg™)gP~J~"+P 5 gP+(m=1)
— x9m+p+p—j—n_y9p+m—n

= (x0P~/.y)gmir—n

as required.
Hence o is a right congruence. That o is a left congruence follows similarly. Consequently o is a

congruence.

Lemma 4.2. ¢ is a cancellative monoid.
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Proof. Since (e,m,m) o (e,n,n) for m,nel, it follows that the class of o containing the
idempotents is the identity element for S/o. Thus (1,m,n)o (y,p,q)o = (v,p,q)c and hence S/o
is a monoid.
Next is to show that S/o is cancellative. Now let u = (h,m,n),v = (x, i, j).
That S/o is cancellative entails showing that for all z € S,
U0 Z0 = V0 Z0 = U0 = VO (for right cancellative)
and
Z0 U0 = Z0 V0 = U0 = VO (for left cancellative).
Let z = (y,p,q) € S. Then
uo zo = (h,m,n)o (y,p,q)o = (x,i,j)o (¥,p,q)0
= Vo Zo .
Consequently,
(h,m,n)o (v,p,q9)o = (x,i,j)o (y,p,q)o
= [(hmn),p,Dlo =[x, LN, p,g)lo

(h fip 0" P o pgmn+q—p) ifn>p
o X o
(foun-ROP ™ fy_yn.y,m+p —1n,q) ifn<p
(X fipp- Y0 P fjpoti +a—p) if j=p
_ | X o
(fp__lj,lxep_]fp_],]y,l+p—],q) lf] Sp

& m-m+q-p)=i-@+q-—p), m+p-n)—q=(>G+p—j)—q
and
(ROP~™.y)0 !PT = (xgP~J.y)gmtP~n
S m-n+pP-@=>0-N+P—-9q)
and
hgp—n+(i—j)+p_ygp+(i—j) = xgp—j+(m—n)+p_y9p+(m—n)
& m-n=i—j and (hOHPP ") = (x@™)gPTP"~J
& m-n=i—jand h'= x8™
& (hbmmn)o (x,i,))
which shows that S/ is right cancellative. That S/ is left cancellative follows similarly, and we

conclude that S/q is cancellative.

Lemma 4.3 ¢ is a minimum congruence.
Proof. Let T be any other cancellative monoid congruence. Then (1,n,n)T (1,0,0) for all neI.

Suppose (h,m,n) o (x,1,j). Then we have from (h,m,n)(1,p,p) = (x,i,j)(1,p,p) forsome pel,
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(h. fuyp- 16"7P. fy_pmn+p—p) ifn>p
=

(fnm-hOP ™ fypn. L, m+p —n,p) ifn<p

(e f=pp- 1677 fjpp,ij + D = D) ifjzp

(fpi-x60P foj i 1i+p—]j,p) ifj<p
(h, m,n) ifn>p (x,1,)) ifjzp

= = .

(h@P",m+p—np) ifn<p (x@p_f,i+p—j,p) ifj<p

But (1,n,n)T (1,0,0),s0 (h,m,n)(1,p,p) T (h,m,n).
Also, (x,i,j)(1,p,p) T (x,i,j). Therefore (h,m,n) T (x,i,j). Thus o < T.

Combining Lemma 4.1 to Lemma 4.3, we have proved the following theorem:

Theorem 4.4, LetS = GBR*(M, 0) be a *-bisimple type A I-semigroup and let ¢ be defined on S by
the rule that (h,m,n) o (x,i,j) if and only if m —n =1i—j, hf' = x8™ and x6* = hO™. Then o

is the minimum cancellative monoid congruence on S.

5. The congruence u

Here we will determine the maximum congruence 4 on S = GBR*(M, ) contained in 7* by
utilizing the approach of El-Qallali and Fountain [2].

Now let (e, m,m) and (e, n,n) be the idempotents in the R*-class and L*-class respectively. We
define the relations ug and u; on S = GBR*(M, 0) as follows:

(x,m,n) u; (y,p,q) ifand only if (e,n,n)(x,m,n) L* (e,n,n)(y,p,q), m—n=p—q,
x0T =y Pand e M. x = efP My,

(x,m,n) ug (y,p,q) ifand only if (x,m,n)(e,m,m) R* (y,p,q)(e,m,m), m—n=p —q,
x@M "M =ygMm 4and x.e0"™ = y.e017™,
Consequently,
n= p, N g .

With the above relation, we obtain the following results
Proposition 5.1. Let S = GBR*(M, 6). Then y, is the maximum congruence on S contained in £L*.
Proof. Obviously, y; is an equivalence on S. Since £* is a right congruence on S, y; is right
compatible under the semigroup multiplication.
Next is to show that y; is also left compatible under the semigroup multiplication. Now let

(x,m,n),(y,p,q),(e, 0,0) e S. That y, is left compatible entails showing that
(e;n,n)(x,m,n) L (e,n,n)(y,p,q) implies (e, 0,0)(e,n,n)(x,m,n) L* (e,0,0)(e,n,n)(y,p,q).
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Thus we have

(e,0,0)(e,n,n)(x,m,n) = (ef™,n,n)(x,m,n),

and
(e,0,0)(e,n,n)(y,p, q) = (6™, n, 1) (¥, p, 9.
Consequently,
. (ed™.x60™" ™ n,n+n—m) ifn=m
(0% mmGemn) = { (e6™.x,m,n) ifn<m
i (e0™.y0™" P nn+q—p) ifn=p
commmO.p 0= { (e6™.y,p,9) ifn<p

From (e6™,n,n)(x,m,n) and (e6™,n,n)(y,p, q), it follows that
n—-m+n-m)=m—-nandn—(n+qg—p)=p-—q.
It follows from definition thatm —n = p — q.

For the first outer part of (e6™,n,n)(x,m,n) and (e6™,n,n)(y,p, q), we have

ef™. x0™" ™ = ef™. yO™ P  (since from definition, x6"™ = ye"P)

ef™. x =efP.y (since from definition, e8™ ™. x = eGP~ ™. y).
Thus (x,m,n) u, (y,p,q) implies (e, 0,0)(x,m,n) u;, (e,0,0)(y,p, q).
To show that u € L*, we now consider the elements (x,m,n),(y,p,q) € GBR*(M,0) such that
(x,m,n) u; (y,p,q). But (x,m,n)* = (y,p,q)" which implies that (x,m,n) L* (y,p, q).
Now let p be a congruence on GBR*(M, 0) such that p < L*. If (x,m,n) p (¥,p,q), then for any
(e,n,n) €S, (e,n,n)(x,m,n) p (e,n,n)(y,p,q) o that (e,n,n)(x,m,n) L* (e,n,n)(y,p,q), that is
(x,m,n) u; (y,p,q) and whence p S y;.
Proposition 5.2. LetS = GBR*(M, 0). Then uy is the maximum congruence on S contained in R*.

Proof. The proof is similar to the proof of Proposition 3.1.
An immediate consequence of Proposition 3.1 and Proposition 3.2 is the following

Theorem 5.3. Let S be a *-bisimple type A I-semigroup. Then u is the maximum congruence on S
contained in .
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