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1. INTRODUCTION

The most important principle as a source of existence and uniqueness theorem in different
branches of Sciences is Banach contraction principle, since it gives the existence, uniqueness
and the sequence of the successive approximation converges to solution.

The study of metric fixed point theory plays an important role in many important areas
as differential equation, operation research, mathematical economies and other branches, see

(11,141, [5], [7], [9] = [11], [13] — [17], [19] — [22], [25] — [28], [36] and [37].
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Several generalization of metric spaces were proposed by several mathematicians such as 2-
metric spaces, Gahler[8]. D-metric spaces, B. C. Dhage [6], G- metric space [18], L. -G. Huaug
at X. Zhang, b- metric spaces, [12] .

Recently A.Tallatha and R. Khalil [29], defined a space which is a mixture of analysis and
topology, namely semi-linear uniform space. Semi-linear uniform space is weaker than metric
space and stronger than topological space since. Several authors studied the properties of semi-
linear uniform spaces and fixed point in such spaces, see [2], [3],[23], [24], and [30]— [34].

In 2011, T. Veerapandi and AJI. M Pillai in [35], established some common fixed point the-
orems for contraction and generalized contraction mapping in D*-metric spaces. In the proves

of the main results, T. Veerapandi and AJI. M Pillai found a sequence named d;; that satisfies

vl —dy < ady, since o € [0,1), then a"dy — 0. From this they conclude that d;; | < d;.
This conclusion not correct by the following example.
—1-41 —1--L ey =L L 1 (L\"
Example 1. Let x, = 1 — 55, then x, 11 = 1 — 577, therefor Xp 1 —Xpn = 5507 — 77 = 5007 = (2)

(%) ;80 00 =do = %v clearly xp 11 > xp.

In this article, we define an orbit of two and three mapping on a D*-metric space X, also we
correct the proves given in [35] ,under additional condition. Finally we obtained anew results of

common fixed point for contraction mapping in D*-metric spaces.

2. D* METRIC SPACES

Definition 1. Ler X be a non-empty set. A generalized metric space or (D*-metric space) on X
is a function D* : X> — [0,00) that satisfies the following conditions, for each x,y,z,a € X.

i) D*(x,y,z) > 0.

ii) D*(x,y,z) =0 ifand only if x =y = z.

iit) D*(x,y,z) = D*(P{x,y,z}).where P is permutation.

v) D*(x,y,z) < D*(x,y,a) + D*(a,z,z).

The pair (X,D*) is called generalized metric space or( D*-metric space).

Definition 2. An open ball in D*-metric space X with center x and radius r is denoted by

Bp+(x,r), and is defined by Bp(x,r) = {y € X : D*(x,y,y) < r}
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Definition 3. Let (X,D*) be a D*-metric space and A C X,

i) A subset A of X is said to be D* — bounded if there exists r > 0, such that D*(x,y,y) <,
forall x,y € A.

ii) A sequence {x, } in X converges to x if and only if

D*(xy ,xpn ,x) = D*(x,x,x, ) = 0 as n — eo.That is, for each € > 0 there exists no € N

such that D*(x,x,x, ) < € foralln > ny .

iii) A sequence {x, } in X is called a Cauchy sequence if for each € > 0 there exists ny € N

such that D*(x,, , X ,Xp ) < € for all n,m > ny .

iv) the D*-metric space (X ,D") is said to be complete if every Cauchy sequence is convergent.

Definition 4. (i) Let x € X and f is a self mapping then the set

O(f,x) ={f"(x) :n=0,1,2,3,..} is called the orbit of x and f.

(ii) Let x € X and fi,f>» are self mapping then the set O(fi, f2,x) = {x, f! (fzj(x)) IRES
0,1,2,3,..} is called the orbit of x, f and f>

(iii) Let x € X and f1, f», f3 are self mapping then the set O(f1, f>, f3,X) = {x,flj (A (fé((x))) :
J,i,k=0,1,2,3,..} is called the orbit of x, f1, f> and f3

Now we want to present a new definition.

Definition 5. A three self mapping f1, f» and f3 on a D*-metric space (X,D*), are said to be
orbitally bounded if there exists xy € X, and a three positive real numbers A1, Arand Azsuch
that D*(a,b, fi(x)) < AiD*(a,b,x), for all x € O(f1, f2, f3,%0 ) and {a,b} # {xo }.

Ifmax{A1,A2,A3} < 1, then f1, f> and f3 are called orbitally contractive.

In the above definition we assume a,b not booth equal xq , since if a = b = xp, the above
condition implies that x( is the common fixed point.

One of the interesting properties of D*-metric space, are the following lemmas.
Lemma 1. In D*-metric space D*(x,y,y) = D*(x,x,y).

Lemma 2. Let (X,D*) be a D*—metric space then lim,_ e D* (X, Vs ,2n ) = D*(x,y,z) when-
ever a sequence {(x, ,yn ,2n )} in X> converges to a point (x,y,z) in X>.That is lim, X, =

XMy e Yy =y, limy 0020 = 2.
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Proof. Let {(x,,vn ,2, )} € X3, be such that lim,, e X, = x,1im, ey, =y,
lim,, .z, = z. Then for each € > 0, there exists n,n, and n3 € N, such that
D*(x,x,x, ) < 5, for all n > ny,D*(y,y,yn) < 5, for all n > ny and D*(z,2,2, ) < 5, for all
n > nsz . Let ng = max{nj,ny,n3}, then for every n > ng by triangle inequality we obtain,
D*(xn ,¥n 20 ) < D*(Xu ,¥n,2) +D* (2,20 ,20)
< D*(x,3,2) + D (x,%n ,Xn ) +D* (3, Y0, ¥n) + D" (2,20 ,2n )
<D*(x,y,2)+5+5+5=D"(x,y,2) ¢
Then D*(x,, ,yn ,2n ) — D*(x,y,2) < €. Moreover,
D*(x,y,2) < D*(x,y,2n ) + D" (20 ,2,2)
< D*(zn,Yn »2n ) + D" (X ,%,%) + D* (yn ,3,¥) +D* (20 ,2,2)-
<D*(Xn,yn 20 ) +E+5+5 =D (%0 Y020 ) + €.
therefore, D*(x,y,z)— D*(xn ,yn ,2n ) < €, which implies,
|D* (X yyn y2n )— D*(x,y,2)| < €, therefore

limnaooD*(xn yYn yZn ) = D*(x,y,z) O

One can easly obtained the following Lemmas.
Lemma 3. Let (X,D*) be a D*-metric space, then a convergent sequence has a unique limit.

Lemma 4. Let (X,D*) be a D*-metric space. Then any convergent sequence in (X,D*) is a

Cauchy sequence .

3. MAIN RESULTS

In this section, we will present several fixed point results on a complete D*— metric space.

Theorem 1. Let X be a complete D*-metric space and fi f> : X — X be any two maps such
that,
D*(fi(x), fo(1),2) < @D*(x,3,2) for all x, € O(fi, fo,%0),2 € X and some xo € X,and 0 <

o< %, then f1, f> have a unique common fixed point.

Proof. Let xp € X be any aribitrary element defined a sequence {x,} in X by,
o f1 (xn,l), if n is odd
" f2(x,—1), if nis even
have the following cases.

}. Now we want to prove that {x,} Cauchy sequence, then we
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Case 1. If n is odd, set d, = D*(x;,X+1,Xn+1), SO
dn = D" (X, Xn11,%n41) = D" (1 (xn—1), f2(xn) Xn+1)
< aD* (Xp—1,Xn , Xnt1) < OD* (Xp—1,Xn X5 ) + QD (X1, X041, Xn ).

Hence, d, < a d,—1 + & dy,, which implies d, < %5d,_1.

let R= %5 so R < 1 since ¢ < %, and d,, < R d,,_. Repeating this process, we obtained,

d, <R"dy,ie d, —0asn— .

To prove that {x,} Cauchy sequence, let n,m € N be such that n < m, then

D* (X, X, Xim) < D* (X, Xy Xt1) + D (X X, Xin1)

< YD (X1, X01) < Tps i
<y IRNdy <R"dy (i) —0asn— oo,
Case 2: If n is even, set d, = D* (xp, Xpt1,%n+1), SO
dn = D" (Xpi1,%0,%n+1) = D*(f1(xn), f2(Xn—1),%n+1)
< 0 D (Xpy X1, X041) < OD* (Xp—1,Xp,Xn) + OD* (Xpg 1, Xpt-1,Xn),

which implies d, < o d,,—1 + ¢ d,,.As in case 1, we obtain,

D*(xp, X, Xm) — 0 as n — o0. So {x, } is Cauchy sequence but since X is complete D*-metric
space then x,, is converges to some element say x.

Now we want to prove that x is fixed point of f1,suppose that x # fi(x), then D*(f(x),x,x) =
limy,—yeo D*(f1(x), f1 (X20—-1),%) < limy 00 €D*(x,x2,—1,%) =0,

thereforeD*(fi (x),x,x) = 0, so x is fixed point for fi. Similarly x is fixed point for f5.

For uniqueness, suppose there exists y € X such that, fi(y) = f2(y) = y.

This implies D*(x,y,y) = D*(f1(x), £2(y),y) < aD*(x,y,y) < 3D*(x,y,y), which implies x =
Y- O

The next theorems give the same result for orbitally contractive maps under some certain

conditions.

Theorem 2. Let X be a complete D*-metric space and fi_ f2, f3 : X — X be any three orbitally

contractive maps that satisfies

D*(fl(x)>f1<x)7f2(y)) < D*(fl(x)7f2(y)>f3(z>) and D*(f1(x),f2(y),f3(z)) < OCD*(x,y,Z) for

all x,y,z € X,a € (0,1), then f1, f> ,f3 have a unique common fixed point.
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Proof. Let X be a complete D*-metric space and fi, f>, f3 : X — X be any three orbitally con-
tractive maps that satisfies, D*(f1(x), fi(x), 2(y)) < D*(fi(x), 2(»), f3(2)). Since fi f>, f3 are
orbitally contractive maps, then there exists xy € X, and a three positive numbers A, A,and
Assuch that D*(a, b, fi(x)) < A;D*(a,b,x), for all x € O(f1, f2, f3,x0 ) and {a,b} # {xo }, and
max {A1,42,A3} = < 1.

Now we want to show
D*(fi1(x),f2(y),f3(2)) < A21A2A3D" (x,y,2), for all x,y,z € O(f1, f2, f3,%0)-
Let x,y,z € O(f1, f2, f3,%0 ), if x =y =z =x0, then xo = f1 (x0) = f2(x0 ) = f3(x0 ), then the
required inequality holds.

Defined a sequence {x,} as follows,

filxp—1),n=1,47,..3k+1
Xn=19 falxy—1),n=2,5,8,...3k+2

fi (xn_l),n =3,6,9,...3k+3
Now we want to prove that x, is Cauchy sequence, that is D*(x,, X, X»,) — 0 as n,m — oo,

with no loss of generality assume m > n.
since D* (xp, X, Xm ) = D* (X, Xm, X ), then we have the following cases.
Casel: x, = fi(xs—1),%m = f2(Xm—1),
D*(xn,%n,%m) = D* (f1 (Xn—1)s f1 (Xn—1), f2(Xim—1)
<D*(fi(xn-1), f2(Xm—1), f3(xn—1)) < &@"D*(x0,X0, f2(Xm—n))
< o"A2D* (x0,%0, Xm—n) — 0 as m,n — oo.
Case 2: x, = fi(Xp—1),%m = f3(Xm—1),
D™ (X, Xn,%m) = D*(f1 (Xn—1), 1 (Xn—1) 2 (m—1)
< D*(f1(xn=1), f2(%m=1), 3 (xn—1)) < &"D*(x0, X0, f2(Xm—n))
< o"A2D* (x0,%0, Xm—n) — 0 as m,n — oo.
Case 3: x, = fo(xp—1),%m = f3(Xm—1),
D*(xn,%n,%m) = D* (f2(Xn—1)s f2(Xn—1), f3(Xim—1)
< D*(f1(xa-1), f2(xa-1), f3(xm—1)) < &"D*(x0,%0, /3 (Xm—n))
< a"A3D* (x0,%0,Xm—n) — 0 as m,n — oo.
So {x,} is Cauchy sequence in the complete D*-metric space X, then there exist x € X, such

that x,, is converges to x.
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Now we want to prove that x is fixed point of f| and by a similar idea we can show that x is
fixed point of f> and f3.

x is a fixed point for f;.

D*(f1(x),%,x) = lim, oo D* ( f1(X), X342, X3043)

= 1imy, e D* (f1(x), f2(X3011), f3(X3012))
< otlimy oo D* (X, X341, X3042)
= aD*(x,x,x).s0 fi(x) = x.

Now we want to prove uniqueness of the fixed point x.Assume there exist another common
fixed point y, that is fi(y) = f2(y) = f3(y) = ». Now D*(x,y,y) = D*(f1(x), 2(»), 5(y)) <
aD*(x,,y)

Since a € (0, 1), then D*(x,y,y) =0, hence y = x. O

Theorem 3. Let X be a complete D*-metric space and g, f : X — X be any two maps such that

D*(gf(x),f(x),y) < aD*(f(x),x,y), for all x,y € O(f,g,x0), 0 € X and 0 < & < §, then

g, [ have a unique common fixed point.

Proof. Defined a sequence {x,} in X as follow,

{f(xn_l), ifnisdd}
Xpn = ;

g(x,_1), ifniseven
Set d, = D*(xp Xpt1.X041) foralln=0,1,2, ...,

now d; = D*(x1,x2,x2) = D*(f(x0),&f (x0),x2)
< aD*(xg, f(x0),x2) = aD*(xq,x1,X2)
< aD*(xg,x1,x1) + aD*(x1,x2,%2) = adp + ady, therefor
dy < Bdy, where B = % < 1. Also,
dy = D*(x2,x3,x3) = D*(gf(x0), f(x2),%3)
< aD*(f(xo),x2,x3) = aD*(x1,x2,X3)
< aD*(xy,x2,x2) + aD*(xp,x3,x3)
= ad| + ady, therefor d, < Bd;. By a similar arguments we have,
d, < Bd, 1 <B"dy— 0asn— oo.
Now we shall prove that {x, } is Cauchy sequence in X.

Let n,m > ng, for some ng € N, then

D* (X, Xy Xm) < X0V D* (%, X1, X041
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- ZZ:,,] B" ﬁdo — 0 as n,m — oo, therefore {x,} is a D*—Cauchy sequence
in a complete D*—metric space X, hence converges to some x € X. Since,
D (£ (x),x,x) = limy 00 D* (£ (x), X201, ) = limy 0 D*(f (x), g (¥20-1),%)
= lim,, 0o D*(f(x), 8f (X21—2),%) < 0limy,—yeo D*(f(x), X252, %)
= alim, o D*(f(X),%20—2,X) = @ lim, e D*(f(x),x,x)
therefore D* (g f(x), f(x),x) = D*(f(x),x,x) = 0, which imlies g(x) = f(x) = x.
To prove uniqueness, if possible suppose ther exist x # y, such that g(x) = f(x) = x and
gy) =10y =y
then D*(x,x,y) = D*(gf(x), f(x),y) < aD*(f(x),x,y) = aD*(x,x,y).
This implies oc > 1. x = y. 0

Theorem 4. Let X be a complete D*-metric space and f,g,h: X — X be any three maps satisfy
the following conditions

1) There exists, xog € X, and 0 < A < 1,such that D*(a,b, f(x)) < AD*(a,b,x), forall a,b,x €
O(f1, /2, f3,%0 ) and {a,b,x} # {xo }

2)D*(hgf(x),gf(x),f(x)) < aD*(gf(x), f(x),x) forallx e X and 0 < o < 1,A < 1.

3) For all x,y,z € O(f,g,h,xy ), we have

D*(f(x),f(x),8(y)) < D*(f(x),8(),h(z)
D*(f(x), f(x),h(z)) < D*(f(x),8(y),h(2)
and D*(g(y),&(y),h(z)) < D*(f(x),8(y),h(z)).

Then f,g,h have a unique common fixed point.

)

)
)

Proof. Let X be a complete D*-metric space and f,g,h : X — X be three maps satisfy the
above conditions. By (2), there exists, xop € X, and a positive real number A, such that
D*(a,b, f1(x)) < AD*(a,b,x), forallx € O(f,g,h,xo ) and {a,b,x} # {xop }. Define a sequence
{x,} in X as follow
fxn—1), n=147,....3k+1
=13 glta1), n=2,58,,...3k+2

h(x,—1), n=3,6,9...3k+3
To prove {x,} is Cauchy sequence, with no loss of generality assume m > n

Case 1: x, = f(xp—1),%m = g(xm—1)
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D* (xp, X, Xm ) = D* ((f (xn-1), f(xn—1),8(xm—1)
< D*(h(xn-1),8(xXm—-1), f (xn-1))
= D" (hgf(xn-3),8f (Xm-2), f(xn—1))
< aD” (gf(xn—3), f (xm—2), (xn—1) )
=aD* (Xy—1,Xm—1,%n—1) < ...
< o"D*(x0,%0, f (Xm—n—1))
< a"(A)" " D*(x0,x0, f(x0)) — 0 as n,m — oo
Case 2: x, = g(xp—1),%m = h(xp—1),
D* (xn,Xn,Xm ) = D* (8(xn—1), 8(Xn—1), A(xm—1)
< D*(h(xm-1),8(xn-1), f (xa-1))
= D" (hgf(xm-3),8f (xn—2), f(xn-1))
< aD* (gf (xm-3).f (xn—2), (Xn-1) )
= aD* (Xy—1,Xm—1,%n—1) < ...
< oa"D*(x0, f(Xm—n_1),X0)
< a"(A)"" D*(x0,x0, f(x0)) — 0 as n,m — o
Cas 3: x, = f(x4—1),Xm = h(xXm—1),
D* (xn,Xn, Xm ) = D* ((f(xn-1), f(Xn—1), h(xm—1)
< D*(h(xm-1),8(xn-1), f (xa-1))
= D" (hgf(xm-3),8f (%n—2), f(xn-1))
< aD* (gf(xm—3), f(xn—2), (Xn—1) )
= aD*(Xp—1,Xm—1,%n—1) < ...
< a"D*(xo, f(Xm—n—1),%0)
< a"(A)" " D*(xo,x0, f(x0)) — 0 as n,m — .
So {x,} converges to some element say x € X.
Now we want to prove that x is fixed point of f, g, h.
(1) D*(f (x),x,x) =limy e D* (f (%), X31-3 X301 )
= limy 00 D*(hgf (x3n-5),8f (X3n-2), f(x))
< o0 limy, oo D*(X3,-3,%30_1,%) = aD*(x,x,X)

(ii) D*(x,g(x),x) = limnﬁwD* (f(x),g(x),xgn_3)
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= llmn_>ooD* (hgf(x3n—5)7gf(x)7f(x>)
< Oclimn_mD* (gf(x?m—S)»f(x)vx)
= alimp_yD* (x3,—5,%,%))D* (x,x,x))
(iii) D* (x,x,h(x)) = D*(f(x),8f(x), hgf(x))
< aD*(x, f(x), fg(x))
= aD*(x,x,x)
If possible suppose there exist x,y € X, x # y and f(x) = g(x) = h(x) =xand f(y) = g(y) =
h(y) =y.
then D*(x,y,y) = D*(f(x),8f(y), hef(¥))
< aD*(x,y,y)

This implies & > 1, which is contradiction, hence 4, g and f have a unique fixed point. [

Now we will prove the next theorem

Theorem 5. Let X be a complete metric space D*-metric space fi, f>, f3 : X — X be any three
maps satisfy the following conditions

DD* (fi(x), 2(y),f3(z)) < a{D*(x,y,2) + D*(x, f1(x), 2(y)) + D*(y, f2(y). f3(2)) For all
xy,z€Xand 0< a<1/3

2) 1, f, f5 are orbitally contractive.

3) D*(fi(x), f1(x), f2(y)) < D*(f1(x), f2(¥), f3(2)),

D*(f1(x), f1(x), f3(z)) < D* (fi(x), /2(y), f3(2))
and D*(f2(y), f2(y), 3(2)) < D* (f1(x), 2(y), f3(2)) for all x,y,z € X

then f1, f>» and f3z have a unique common fixed point

Proof. Since f1, f», f3 are orbitally contractive, there exists xo € X, and a three positive real
numbers A1, Arand Assuch that D*(a,b, fi(x)) < A;D*(a,b,x), for all x € O(fi, f2, f3,%0 ) and
{a,b,x} # {xo }. Defined a sequence x;, by,
filxp—1),n=1,4,...3k—2
Xn=19 falxy-1),n=2,5,....3k—1

f3(xp—1),n=3,6,....3k
To prove that {x,} is Cauchy sequence, assume m > n.

Casel: x, = f1(%n—1) yXm = f2(Xm—1)-
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D* (%, Xn, Xm) = D*(f1(Xn—1), /1 (¥n—1), f2(Xm—1))
< D*(f1(xn—1), f2(xm—1), f3(xn—1))
< o{D* (Xn—1,%n—1,Xm—1) + D" (X1, f1 (Xn-1), f2(Xm—1))
+D* (X1, f2(Xm-1), [3(Xn-1)) }
< o{D*(Xn—1,%n—1,Xm—1) + A1D* (Xp—1,Xn—1, f2(Xm—1))
+2A2D" (Xm—1,Xm—1,f3(X¥n-1)) }
< o{D* (Xn—1,%n—1,Xm—1) + A1 A2D" (Xp—1,Xp—1,Xim—1)
+A2A3D* (Xin—1,Xm—1,Xn—1)}
= BD*(xp—1,Xn—1,%m—1), were B = o{1+A1A2 + A3} < 1.
Continuo this way, we obtain,
D* (0, 5m) < B D" (511501 05m1) < B2D* (402,302, 2)
< B"D*(x0,X0,Xm—n) < B" (A3)" " D* (x0,x0, f (x0)) — 0 as n,m — oo
Case2: x, = f1(xn—1) Xm = f3(Xm—1)-
D* (xn, Xn,%m) = D*(f1(Xn—1), f1 (Kn—1), f3(Xm—1))
< D*(fi(xn-1), f2(xn—1), 3 (Xm—-1))
< a{D* (xn—1,Xn—1,Xm—1) + D" (Xn—1, fi (Xn-1), f2(Xn-1))
+D* (X1, f2(Xn—1), f3(Xm—1)) }
< a{D* (Xp—1,Xn—1,%m—1) + A1D* (Xp—1,%0—1, f2(Xn—1))
+2A2D* (X—1,%n—1, f3(Xm—1)) }
< a{D* (Xp—1,Xn—1,%m—1) + A1 22D (Xp—1,%u—1,%n—1)
+2A243D" (X —1,Xn—1,Xm—1) }
= BD* (xp—1,%n—1,%m—1), were B = a{l + 1A+ ArA3} < 1.
Continuo this way, as in casel, we obtain,
D* (X, X, xm) < B" (A3)™ " D*(x0,x0, f (x0)) — 0 as n,m — o
Case3: x, = f2(x4—1),%m = f3(xm—1) is similar to the other cases.
from the above cases, x converges to some point x € X .
Now we want to prove that x is fixed point for f7.
D*(fi(x),x,x) = limy—e0 D* (f1(x), X(31-1):X3n)
= limy 0o D*(f1(x), f2(x3n—2), f3(¥3n—1))

11
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< 1imy e A{D* (X, X3—2,X3,—1) + D*(x, f1(x), f2 (X30—2))
+D* (X(3p—-2), f2(¥3n-2), f3(x30-1) }
< 1imy o0 0{D* (X, X312, X3n—1) + D" (x, f1(x),%30-1)
+D* (X3n-2:X3n-1,%3}
< o D* (x, f1(x),x)
This implies D* (x, f1(x),x) = 0. So x is fixed point for f}, similarly for f>, f3.
Now we want to prove that x is a unique common fixed point of fi, f2, f3.
Let y # x be such that
filx) = fo(x) = f3(x) =xand fi(y) = f2(v) = () =,
then D*(x,y,y) = D*(fi(x), £2(»), 5(v)) < & (D*(x,y,y) + D (x,x,) + D*(y,,¥))
=2a{D*(x,y,y)}, which is a contradiction, unless D*(x,y,y) = 0, which implies that

f1, f2, f3have a unique common fixed point. ([l

Using the same procedures we can prove the following.

Theorem 6. Let X be a complete D* —metric space and fi, f>, f3 : X — X be any three maps
satisfy the following conditions

1D*(f1(x), f2(»), f3(2)) < 01 D*(x,y,2) + @2{D*(x, f1(x), /2(y)) + D* (3, L2(v), f3(2)) }
+o3{D*(x,y, f2(y)) + D* (.2, 3(2)) }

forall x,y,7€ X and 0 < o) +206 + 203 < 1

2) f1, f2, f3 are orbitally contractive .

3) D*(f1(x), f1(x), f2(y)) < D*(f1(x), f2(¥), f3(2)),

D*(f1(x), f1(x), f3(z)) < D* (f1(x), /2(3), f3(2))
and D*(f2(y), /2(3), f3(2)) < D* (f1(x), f2(¥), f3(2)) for all x,y,z € X

then f1, f> and f3z have a unique common fixed point

Proof. Since f1, f2, f3 are orbitally contractive, there exists xop € X, and a three positive real
numbers A1,Asand Assuch that D*(a,b, fi(x)) < A;D*(a,b,x), for all x € O(f1, f2, f3,%0 ) and
{a,b,x} # {xo }. Defined a sequence x, in X as,
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filxa1),n=1,4,....3k—2
Xn=19 falxp_1),n=2,5,...3k—1

f3(xp_1),n=3,6,....3k
To prove that {x,} is Cauchy sequence suppose m > n, as in the prove of Theorem (5), we

shall prove the case,
Xn = fl (-xn—l) yXm = fZ(—xm—l)~ NOW’ D*(-xnaxnvxm) :D*(fl (xnfl)vfl(xnfl)afZ(xmfl)
=D*(fi(xn-1), 2(xm-1), f3(xn-1))

< oD (Xp—1,Xm—1,%n—1) + 002 [D* (Xp—1, f1 (Xn—1), f2(Xm=1)) + D* (Xm—1, fo(Xm=1), [3(Xn=1))]

+a3 [D* (Xn—1,Xm—1, f2(Xm—1)) + D* (Xm—1, %01, f3(Xn—1))]
< 0D (X1, X1, X0-1) + @2 [A1 D" (X1, Xn—1, f2(Xm—1)) + A2D* (Xu—1, Xm—1, f3(Xn—1))]
+03 [A2D* (Xp—1,Xm—1,Xm—1) + A3D* (Xp—1,%n—1,Xn—1) }]
< 1D (Xn—1,%m—1,%—1)
+0 (A1 A2 D (Xy—1,%0—1,%m—1) + A2A3D* (Xp—1, Xim—1,Xn—1)]
+oi3 [AaD* (xp—1,%m—1,Xm—1) + A3D* (X1, Xn—1,%n—1) }]
< (o +aa(A1A2+2A243) + a3 (A2 +A3))D* (Xn—1,%m—1,%n—1)
< B D*(xy—1,%Xm—1,%n—1) Where B = o} +2a2+ 203 and 0 < B < 1.
Continuo this way we obtained,
D* (X, Xp, Xm) < B D*(Xn—2,Xm—2,%p—2) < ...
< B"D* (%0, Xm—n,x0) = B" (max {41, A2, A3})" "' D*(x,x1,x0) — O as
n,m — .
So {x,} is Cauchy hence, converges to some point say x € X.
Now we want to prove that x is fixed point for f7,
D*(f1(x),x,x) = limy_ye0 D* (f1(x),X31—1,X31)
= limy 00 D* (f1(x), f2(x30-2), f3 (X30-1))
< limy 0001 D* (X, X372, X30—1)
+02 [D*(x, f1(x), f2(x3n-2)) + D* (X30-2, f2(X30-2), f3(X30-1))]
+ a3 [D*(x, X302, f2(X3n-2)) + D (X30-2, X301, f3(X3n-1) )]

= limn%oo(alD* (X,X3n_2,)€3n_1)
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+02 [D*(x, f1(x),X30—1)) + D" (X302, X301, X3n)]
+0a3 [D*(x,X3n-2,X3n—1) + D* (X30-2,X31—1,%3n)])
= arD*(x, f1(x),x).

Therefore D*(x, fi(x),x) = 0, So x fixed point for fj.

Similarly for f>, f3

For the uniqueness, suppose there exist y # x, such that x,y are common fixed points for

f17f27f37 then

D*(x,y,y) = D*( fi(x), (), /3())
< o1 D*(x,y,y) + 0o {D*(x, fi(x), f2(¥))

+D*(y, £2(y), /3(3)} + 03{D*(x,y, f2(y)) + D*(y,, /3(¥)) }

= (a1 + o2 +az)D*(x,y,y) < D*(x,,y) O

Theorem 7. let X be a complete D*—metric space and fi, f>, f3 : X — X be any three maps
satisfies the followings

])D*(fl(x),f2<y),f3(Z))

<a max{D*(x,y,z),D*(x,fl(x),fz(y)),D*(y,f2(y),f3(z)),D*(x,y,f2(y)),D*(y,z,f3(z))}
forallx,y,ze X, 0<a<1

2) f1, f2, f3 are orbitally contractive orbitally.

3) D*(f1(x), f1(x), /2(y)) < D*(f1(x), 2(¥), f3(2)),
D*(f1(x), /1(x), f3(2)) <D (f1(x), /2(¥), f3(2))

and D*(f2(y), 2(y), f3(2)) < D* (f1(x), f2(y), f3(2)) for all x,y,z € X

then f1, f> and f3z have a unique common fixed point

Proof.  Since f1, f2, f3 are orbitally contractive, there exists xo € X, and a three positive real

numbers A1,Asand Assuch that D*(a,b, fi(x)) < A;D*(a,b,x), for all x € O(f1, f2, f3,%0 ) and
{a,b,x} # {xo }. Defined a sequence x, in X as,
filxp—1),n=1,4,...3k—2
=R frle1),n=2,5,...3k—1
f3(xp—1),n=3,6,....3k

To prove that {x,} is Cauchy sequence suppose m > n,as in the prove of Theorem (5), we
shall prove the case,
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Xn = f1(Xn—1) sXm = f2(xm—1). Now,
with no loss of generality suppose m > n
D™ (xn,%n,%m) = D™ (f1(xXn-1), f1 (Xn—1), f2(Xm—1)
< D*(fi(xn—1), 2 (xm—1), f3(xn-1))
< amax{D" (Xp—1,Xm—1,Xn—1), D" (Xn—1, f1 (Xn—1), f2(Xm—-1) ),
D* (xm—1, f2(Xm—1),f3(X0-1)), D* (Xn—1,Xm—1, 2 (Xm—1)); D* (Xm—1,Xn—1, [3(Xn—1)) }
< oo max{D* (Xp—1,Xm—1,%n—1), A1D* (Xpn—1,X0—1, f2(Xm=1) ), A2D* (Xin—1, Xm—1, f3(Xn—1) ),
D* (xXp—1,%m—1, f2(Xm—1)), D" (Xm—1,%n—1, f3(xn-1)) }
< o max{D* (xp_1,Xm—1,Xn—1), A1 A2D* (Xp—1,Xn—1,%m—1), A2A3D* (Xpu—1,Xm—1,%n—1)5
A2D* (Xp—1,%m—1,Xm—1), A3D* (Xm—1,%n—1,%n—1) }
< aD* (Xp—1,Xm—1,%n—1)
continuo this way we obtained,
D* (X, X, Xm) < Q2D* (X2, Xm—2,%n-2) < ..
< o"D*(x0, Xm—n,X0)
= o (max {11, A2, A3})" "' D* (x,x1,x0) — 0 as n,m — oo,
So {x,} is Cauchy hence, converges to some point say x € X.
Now we want to prove that x is fixed point for fi,
Suppose that fj(x) # x
D*(f1(x),x,x) = limy_—eo D* (f1(X),X30—1,%31)
= limy—e D* (f1(x), f2(X3n-2), f3 (¥30-1))

< limy o0t max{D*(x,x3,-2,%3,—1), D* (x, f1(x), f2(x30—2) ), D* (X302, f2(x30—2), f3(X30—1)),

D* (X0 1,%m—1, /2(¥30-2) ), D* (X301, X301, f3(X30-1)) }
< max limy 0 {D* (x,x37-2,%3,—1),D* (x, f1(x), f2(x32-2)),
D*(x30-2, f2(x30-2), 3(X30-1) ), D* (Xn—1, Xm—1, f2(X30—2) ), D* (X301, X301, f3(X30-1)) }
= max [imy, o 0{ D" (X,X31-2,X3n—1), D" (X, 1 (%), X30-1), D" (X302, X301, X3n),
D™ (Xp—1,X3n-2,X3n-1), D" (X3n—1,%3n—1,%3n—) }
= max a{D*(x,x,x),D*(x, fi(x),x),D*(x,x,x),D* (x,x,x,D*(x,x,x) }

= amax{D*(x, f1(x),x),0}
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= aD*(x, fi(x),x)
< D*(x, f1(x),x)
Contradiction

Therefore D*(x, f1(x),x) = 0, So x fixed point for f;.
Similarly for f>, f3

For the uniqueness, suppose there exist y # x, such that x,y are common fixed points for

f17f27f37 then
then D*(x,y,y) = D*(f1(x), 2(), (7))

<a maX{D*(x,y,y),D*(x,fl (x)vfZ(y))7D*(y7f2(y)7f3(y))7D*(x7yafZ(y))vD*(y7yvf3(y))}

< a max{D*(x,y,y),D*(x,x,y),D*(y,,y),D*(x,y,),D*(,5,¥) }
= aD*(x,y,y) < D*(x,y,y)

This is a contradiction

Hence f1, f> and f3 have a unique common fixed point. 0

Theorem 8. let X be a complete D*—metric space and fi, f>, f3 : X — X be any three maps

satisfies the followings
DD*(fi(x), £2(),f3(2)) < a1 D" (x,,2) + o max{D*(x, f1(x), f2(»)), D" (y, f2(¥),.f3(2)) }
forallx,y,ze X,0< a1 +20, < 1
2) f1, /2, f3 are orbitally contractive.
3ID*(f1(x), f1(x), 2(y)) < D*(f1(x), f2(¥), f3(2));
D*(fi(x), fi(x), f3(2)) < D* (fi(x), /2(¥), f3(2))
and D*(f2(y), 2(y), f3(2)) < D* (fi(x), f2(y), f3(2)) for all x,y,z € X.

then f1, f> , fshave a unique common fixed point.

Proof. Since f1, f2, f3 are orbitally contractive, there exists xop € X, and a three positive real

numbers A1,Arand Ajsuch that D*(a,b, fi(x)) < A;D*(a,b,x), for all x € O(f}, f2, f3,%0 ) and
{a,b,x} # {xo }. Defined a sequence x, in X as,
filp1),n=1,4,...3k—2
=2 fr(xp_1)n=2,5,...3k—1
f3(xp—1),n=3,6,....3k
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To prove that {x,} is Cauchy sequence suppose m > n, as in the prove of Theorem (5), we
shall prove the case,
with no loss of generality suppose m > n
D* (X, Xn,%m) = D*(f1 (Xn—1)5 1 (Xn—1), 2 (Xm—1)
< D*(fi(xn-1), f2(xm—1), f3(xn—1))
< o1 D*(Xn—1,%m—1,Xn—1)
+0t2 max{D* (X1, f1(Xn—1), f2(m—1)), D* (Xm—1, f2(Xm—1), 3 (xn—1)) }
< 1D (Xn—1,%m—1,Xn—1)
+0ta max{A 10" (Xp—1,%n—1, f2(Xm—1)), 22D (Xu—1,Xm—1, f3(xn—1)) }
< a1D* (Xn—1,%m—1,%n—1)
+otp max{ A A2D* (xp—1,%n—1,Xm—1), A2A3D* (Xp—1,Xm—1,%n—1)) }
< a1D* (Xn—1,%m—1,%n—1)
+02{ A1 A2 D" (Xp—1, Xn—1,Xm—1) + A22A3D™ (X1, Xm—1,%n-1)) }
< 1D (Xn—1,%m—1,Xn—1) + 200D (Xp—1,Xn—1,Xm—1)
= (a1 +202) D*(Xn—1,Xm—1,%n—1)
Let B = (o) +20;) then B < 1
D* (X, Xy Xn) < B D*(Xp—1,Xm—1,%n—1)
continuo this way we obtained

< ﬁz D* (xn—Zaxm—Zaxn—Z)

< B((max{A1, A2, A3 1) " D*(x,x1,x0) — O as n,m — oo.
Now we want to prove that x is fixed point for f;
Suppose that f](x) # x
D*(f1(x),x,x) = limp_ye0 D* (f1(x),X31—1,X31)

= limp 0o D* (f1(x), f2(X30-2), /3 (x30-1))

< limy—seo{ 001 D* (X, X372, X3,—1)

+0p max{D*(x, f1(x), f2(x31—-2)), D* (x3n—2, f2(X30—2), f3(x3n—1)) } }

< limn%oo{aID*(xax?m—Z,xSn—l)



18 NEVEEN ALZUDE, ABDALLA TALLAFHA
+a max{D*(x, f1(x),x3,—1), D" (X3p—2,X3,—1,X3,) } }
< limy e 001 D* (X, X372, X37—1)
+ oty max{lim, e D* (x, f1(x),X34—1), limy 00 D* (X372, X30—1,X34) }
= ayD*(x, f1(x),x)
< D*(x, f1(x),x)
Contradiction
Therefore D*(x, f1(x),x) = 0, So x fixed point for f;.
Similarly for f>, f3

For the uniqueness, suppose there exist y # x, such that x,y are common fixed points for

J1, /2, f3, then
then D*(x,y,y) = D*(fi(x), 2(y), 3())
< o1 D*(x,y,y) + 02 max{D*(x, f1(x), f2(y)),D* (v, £2(y), 3(¥)) }
= 01D (x,y,y) + &2 D*(x,y,y),
= (a1 + a2)D*(x,y,y)
< D*(x,y,y).
This is a contradiction

Hence f1, f> and f3 have a unique common fixed point. 0
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