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Abstract. In this paper we introduce the concept of regular singular fractional point and use the technique of

fractional power series to solve the fractional Laguerre equation. Then we get the factional Laguerre polynomials.
Keywords: Laguerre equation; local fractional derivatives; fractional Laguerre polynomial.

2010 AMS Subject Classification: 26A33.

1. INTRODUCTION

Fractional differential equations proved to be very important in applied sciences. That is why
there is so much work on fractional calculus and fractional differential equations. The subject
of fractional derivative is as old as calculus. In 1695, L-Hopital asked if the expression Ci)—; f
has any meaning. Since then, many researchers have been trying to generalize the concept of
the usual derivative to fractional derivatives. These days, many definitions for the fractional

derivative are available. Most of these definitions use an integral form. The most popular

definitions are:

*Corresponding author
E-mail address: m.abuhammad @zuj.edu.jo

Received March 24, 2019



2 MA’MON ABU HAMMAD, BILAL ALBARMAWI, A. SHMASNEH, AMER DABABNEH

(i) Riemann - Liouville Definition: If z is a positive integer and « € [n — 1,n), the a” deriv-
ative of f is given by

t

o)) =t L / ; o

F(n—a)ﬁ _x)ocfn+1 :

(ii) Caputo Definition. For o« € [n — 1,n), the o derivative of f is

PSS N . 1C)
Ta (f)(t) _I—‘(n_a){(t_x)a—n—kl dx.

Now, all definitions are attempted to satisfy the usual properties of the standard derivative.
The only property inherited by all definitions of fractional derivative is the linearity property.

However, the following are the setbacks of one definition or another:

(i) The Riemann-Liouville derivative does not satisfy 7,*(1) =0 (7,*(1) = 0 for the Caputo

derivative), if o is not a natural number.

(i1) All fractional derivatives do not satisfy the known product rule:

T (f8) = fTg(8)+8Tq (f)-
(ii1) All fractional derivatives do not satisfy the known quotient rule:

Taa(f/g) :ng(f) _sza (g)

(iv) All fractional derivatives do not satisfy the chain rule:

TH(fog)(t) =f 'Y (g(t)) &' (1).

(v) All fractional derivatives do not satisfy: ToTBf =T%4B fin general

(vi) Caputo definition assumes that the function f is differentiable.

(v) Ty (A) = 0, for all constant functions f(z) = A.

In [5 ], a new definition called & —conformable fractional derivative was introduced:
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Let o € (0,1), and f: E C (0,00) — R. For x € E let: D*f(x) = ggw If the
limit exists then it is called the @ —conformable fractional derivative of f at x.
For x =0, D*f(0) = }lci_r>r(1)D°‘ £(0) if such limit exists.
The new definition satisfies:
1.D*(af +bg) = aD*(f)+bD%(g), forall a,b € R.
2.D%Dy(A) = 0, for all constant functions f(z) = A.
Further, for o € (0,1] and f,g be a—differentiable at a point ¢, with g(r) # 0. Then

3. TaD*(fg) = fD%(g) +8D*(f).
4 Da(i) _ 8D*(f)—fD%(g)
' g g
We list here the fractional derivatives of certain functions,

(1) 1.D%(tP) = p 1P~ .

(2) D%(sin £1%) = cos 1.

(3) D%(cos L11%)

a

4) D%(ea™) = e

—ginlir®
sin o 1%.

IOC

Sl

On letting o = 1 in these derivatives, we get the corresponding ordinary derivatives.
One should notice that a function could be ot—conformable differentiable at a point but not

differentiable, for example, take f(t) = 2+/¢. Then D2 (f)(zr) = 1. Hence D? (f)(0) =1. But

D'(f£)(0) does not exist. This is not the case for the known classical fractional derivatives.

For more on fractional calculus and its applications we refer to [1 ] to [11]

2. FRACTIONAL LAGUERRE EQUATION

The equation

'+ (1 =x)y +ny=0.ccerenn.. (1)

is called Laguerre differential equation. It is a well known and important equation that appears
in the quantum mechanical description of the hydrogen atom. The point x = 0 is a regular
singular point for the equation. Power series technique is a method to solve such equation. In
this paper we are interested in some fractional form of the Laguerre equation. More precisely

we will study the equation:
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x*D*D%y + (a — x*)D%y + kQy....ccovveenn (2)

where a € (0, 1], and & is a natural number.
Often we will use D" to denote D%.....D% n-times

Definition 2.1. The point x = 0 is called an ox—regular singular point for the equation

D*D%y+ P(x)D% +Q(x)y =0 if
lim iﬁf) and lim % both exist.
x—0+ ¥ x—0+

Clearly, x =0 is an or—regular singular point for equation (2).

Definition 2.2.[ 6]. A series Y a,x"* is called a fractional power series.
n=0
If D" f exits for all n in some interval [0, 4], then one can write f in the form of a fractional

power series.

Now, let us start solving equation (2)

Procedure:
x*D*D% + (o —x*)D%y+ apy =0.............. (%)
Put
y= Zanx“” , ap # 0
Then

D%y = Znaanxa” % D*D% = Znoc(na — o) a2
1 2

Substitute to get

Zna(noc —o)x*" " %a, + Znazanxa" - Zna x*a, + OCpZanxa" =0
2 1 1 0

Z(n + Do an, 1 x*" + Z(n +1) o an 1 x*" — Znaanx“” + Z op a,x* =0
T 0 1 0
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@Par+ apan+ Y { (1 Do+ (n-+ 10 a1 + (op —nc)a, } 4" 4 =0
1

Hence

(n+Dno? + (n+ 1) a®)apy1 + (op —nat)a, =0.......... (4)

From equation (4) we get

__ —an—p)
CoZ(n+1)(n+1)

n—p
an+1 an SO apiy = T (5)

Hence if n =1 we get from 3 and 5 we get

2T a@" T @)
Similarly,
_—r(p—1)(p-2)
“3 o3(3!)2 0

and for general n = 3 we have

pp—1)(p—2)ceeenennnn. p—r +1

ar=(—1)" ( I oc)r(r!)z ( )ao .......... r<p,and ap;1 =0
Consequently
B s p(p=1D)(P—2)e (p—r+1) 4

y_aOZ( l) ar(r!)z

But
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SO

y=ao Y (1) pp=1)(p=2) ... (p—r+1D)(p—r)(p—r—1)ecc.(3)2)(1) g
r=0

By taking ag =1

Ny p! ar 6
y(x)—rgz)(— ) Oc’(p—r)!(r!)zx ............... (6)

3. THE LAGUERRE POLYNOMIALS AND GENERATING FUNCTION

From equation (6) one can see that for each value of p we get a form of a solution which
is a fractional polynomial to be called Laguerre fractional polynomial. The following are the

Laguerre polynomials:

2 20
2! 2 X 1
_ Z 1\ ar _ |1 _ o _
La(x) _r:O( b ar(2—r)!(r!)? T [1 o Jr2!052] B

And similarly one can find the Leguerre polynomials of all orders.

The function F(x,t) is called generating function for the Laguerre polynomial if F(x,7) =
Y Ly(A )P,
p=0

Theorem3.1. The generating function of the Laguerre Polynomials is: ﬁExp < <—’ﬁt> (1— t)>
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Proof.
e (8 e, ()
l—trgor!(l—t)r - E;O(_) r1(1—r1)
Y O K
- rgo(_l) r1(1—p)r+1
But
L—i[s
l—t %
1 s—1
= st
(1—1)2 ;
= Z(s—i—l)ts
0
! = Z:s(s—l)tsf2
(1_t)3 2
= Z(s—i—Z)(s—i—l)ts
0
1 o)
(1—¢)r+1 _ZO: sir!
Hence

1—t = r!(1—1) o rt = oslir!
r
o oo (’ﬁ> (s+7)!
= LYY o
r=0s =0 (r1)%s !
Putr+s=p. We get
(o] [=S) r
p:()r:() (r!) (p_r) ! a
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