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Abstract. We investigate the order preserving transformation semigroup O, for non-identity difference order preserving
transformation IDO,, and obtain a subsemigroup S. The properties of both S and IDO,, are also obtained. We further obtain

the work done and average work done by S.
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1.0 INTRODUCTION

The subject “identity difference transformation semigroup” originated from the work of Adeniji and
Makanjuola, 2012 [1], where they obtained some combinatorial results on the order of the
subsemigroups of the transformation semigroup |IDPT,|, |IDT,|, |IDO,|, |IDI,|, IDPO,| and |[IDPOI,|.
Order of Nilpotents |N,|, idempotents, |E(S)|, and fix of the subsemigroups of the transformation
semigroups were obtained.

Adeniji et al [2] amongst others extended their earlier studies to the Identity difference order-preserving
transformation semigroups and obtained the cardinalities of fixed points, nilpotent and chain
decompositions of the subsemigroups OIDT,,, OIDI,,, and OIDP,.
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In [3] it was shown that IDT,, is a subsemigroup of the full transformation semigroup T,. Also the paper
examined congruence property of the Green’s relations £ and R on DT,,.

In effort to study the properties of non-identity difference order-preserving transformation semigroup
IDO, it is found that the set does not generally form a subsemigroup of the transformation, except for a
particular case of n = 3, IDO; form a three elements semigroup S with some unique properties studied
here. The semigroup S provides us result which can be seen in a more general form for all n > 3 as
shown in section 4. Section 3 shows that IDO,, cannot form a subsemigroup of the transformation
semigroup for all n > 4.

In further observation on this interesting situation, the concept of work done by transformation
semigroup as studied by James East in 2006 [5] was investigated on S and some results were obtained as
shown in section 5.

To explain further, let us consider some definitions and preliminary studies.

2.0 PRELIMINARY

Some basic definitions

2.1 Let S beanonempty set. S is called identity difference if (max(im) — min(im)) < 1.

S is called order preserving if ax < ay Vx,y € S.

2.2 Let IDO, €SV n > 3isanonempty set. IDO,, is called a non-identity difference if
(max(ima) — min(ima)) > 2. IDO,, is called order preserving transformation if ax < ay Vx,y €
DO,

2.3 LetS €1DO, Vn > 3beanonempty set. S is a semigroup if for any three elements o, B,y € S.
and (axB)*y=ax(B*y)ES. Where ima={,i+1,i+2, .. .,n}, imB={, .. .,in} and

imy={in, . . .,n}foralln=>3,i=1.

3.0 MAIN RESULTS

3.1 Observations on IDO;, .

In this section, it is shown that the set of a non-identity difference order preserving transformation 1DO,,
are not generally semigroup except for n = 3. The elements of IDO; are stated below; if for any three

elements o, B,y € IDO; we havea= (% % % ) p= (% X3 % Yand y= (% 1% X 1)
and by observation this set of elements form a semigroup called IDO5 . Meanwhile, a prove of this case

where IDO,, is not a semigroup is shown in lemma 3 below for n > 4.
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Some properties of non-identity difference order preserving transformation semigroup IDO,,.
The IDO,, satisfy the property that

e (max(im) — min(im)) = 2.

e The elements of IDO; form a semigroup and its elements are all idempotent.

e The elements of IDO,, V n > 4 are not subsemigroups of S.

However, these facts are shown below.
Lemma 1. Let p € IDO, Max(im() — Min(imp)) = 2.
Proof
Suppose that p € DO, if Max(im(p) — Min(imy)) > 2. Then (n — i) > 2. That is,
If u= (X11 1)4(-21 S );“) Vi=1,n > 3 implies that, for n = 3, max(im(u) — min(imu)) =3-
1 =2,forn = 4 max(im(y) — min(imp)) = 4 — 1 = 3,and so on. If there exist p € IDO; where p =
( X1 Xiz X} );“ )Vi = 1,n = 3, then for n = 3, max(im(p)) — min(im(p)) =3—-1=2, forn =
4 we have (4 — 1 = 3) and so on. This therefore tells us that Max(im(u) — Min(imu)) >2.0
Lemma 2. IDO; form a subsemigroup of 0, and its elements are all idempotent.
Proof
Consider the elements p, g, r € IDO; and supposed that imp = {i, i+ 1, i+ 2}, imq = {j, i, i + 2}
and imr ={i,i+ 2, i+2)V i=1, if these elements are closed with respect to multiplication and
associative then, IDO5 a semigroup.
imp={i,i+1,. . .,n}, imq={i, .. .,i,n}andimr={i,n, . . .,n}foralln>3,i=1.
To show;
Forall p,q € IDO; , if imp(X;) =i,imq(X;) =i, = imp(X;) =i+ 1, imq(X;) =i, imp(X3) =i+ 2,
imq(X3) =i+ 2then, p*xq = p € IDO;. Hence IDO; is closed with respect to multiplication. Also, for
r € IDO;, with imr(X;) =i,imr(X,) =i+2, imr(X3) =i+2. Then (p*xq)*r=p*q+*r =p=
(q*r) =p € IDO; . Hence, IDO; € 0,,. Furthermore, it is easily seen that p,q and r are idempotent,
since p2 = p, q? = q and r? = r. Hence IDO; is an idempotent semigroup. O
Lemma 3. et a,b,c € IDO,,.. The elements of IDO,, n > 4 is not a subsemigroup of 0,,.

Proof

Suppose that, a,, b, € IDO,, forn =4, if a, = (%1 %2 -~ Hn-ad Xn 30y - (B o Hnead oy

4 n—1 n

andV i = 1. Then a,, * b, = y, & IDO,, rather y, = (¥ ¥2 s - .- Xsl) e po, .

l

So, the set of elements of IDO0,, is not closed under multiplication for n > 4.
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Also, the associativity property is not true since if there exist ¢, € IDO, Such that ¢, =

(B

K1) XZ )V i=1 then, (a,*by) *cy # ay * (by *xc) SiNCe, (an * by) * ¢, = Yy, *
¢, = z, &€ IDO, butin IDO,,. Hence, the elements of IDO,, V n = 4 does not form a semigroup.
For the purpose of illustration, consider the elements a,b,c € TDO, where a = (*1 %2 %3 X4) ' =
(Fa %2 X3 Xy o= (0 %2 X3 X)) Thenaxb =z = (% %2 % X)) ¢ D0, butz € IDO,. This is
not closed with respect to multiplication. Hence ID0, Is not a semigroup.
(axb)xc=zxc=y= (¥ %% %) buty ¢ TDO,, instead y is in IDO,. Hence the operation * is
not associative with respect to multiplication. As such, IDO, is not a semigroup.
With n = 5; we observe that for all ,b' € IDOs a' xb' =z' = (1 *2» % % X)) ¢ DO, but 2’ €
IDOs. So the operation = is not closed with respect to multiplication. Also, V ¢’ € IDOs, (a’ * b") x ¢’ =
z'xc' =y &IDO0; butin IDO; thatis, y’ = (¥+ %2 % %+ %)) e [po. o
4.0  SOME PROPERTIES OF THE SUBSEMIGROUP §.
In this section, the construction of S and the respective generalizations are shown.
Since the elements of 0,, (where n = 3) and 1D 05 are known we proceed by stating the elements of
ID 05 below,

S=G 232 G713 G353)=1D0s

That the table below witha = (7 2 3), b=(; 2 3), andc= (] % 3)isasemigroup is explanatory.

Table of elements of IDO; as a semigroup.

* a b c
a a b c
b b b b
c c c c

S = {a, b, c} is a semigroup.

The set of L-classes are {a}, {b, c} and that of R- classes are {a}, {b}, {c}of S.

While for - Classes;H, = {a} , H, ={b}, H.={c} and the D -classes are, D, = {a},D, =
{b},{b,c}, D. = {c},{b, c}. Basically, we have only two D-classes since D, N D, = {b,c}, s0, D, = D,. .
Hence D, and D, = D, are the two classes.

For n > 4 the semigroup S has only three elements a, 8,y of which are idempotent and the left and

right principal ideals are equal, thatis Sa = aS =5,
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where a = (Xi );2 in)’ B = ({X1 . -1~ Xn-1} ):ln) and y = (X:11 { X2 ln. -Xn}).

Theorem 4. Let {8,y} € S then,

. BLy iff SB =Sy and |imB| = |imy|

b. B"Ly™ iff SB =Sy and |imB]| = |imy|

. BRy iff BS =P, yS=y and [imB| = |imy|
d. BDy iff limB| = |imy|

Proof

fob)

(]

a. Suppose that, (8,¥) € LS) V B,y €S .Then, S = {B,y} = Sy, that is, if
p= M XIygng y = (1 U0 ) vi=1,n >3

n
There exist a € S such that, @ = (¥* %2 * " *) and as such, SB = Sy = {B,y}. Also, since in B,
imp={i .. ;n}tandiny, imy ={i,n . . .n}. This tells us that for all n > 3 and i = 1 we have
limB| = |imy|. Suppose that in S, |imB| # |imy| it implies that, either |ima| = |imB| with Sa = Sp
or |ima| = |imy| with Sa = Sy. This is clearly a contradiction since by observation in S |ima| =
3,|imB| = 2, and |imy| = 2 respectively (Vn > 3) also Sa # SB and Sa # Sy. Hence |impB]| =
|imy| and SB = Sy of which by hypothesis, Ly V B,y € S.
b. Suppose that, (8", y™) € L(S) V B,y € S with
g =% v Xn-1} fl"),ﬁz = B, B3 = B and respectively, ™ = B for all n.
Similarly, since y = (X: 0x . *n}),y2 = y,y3 = y and respectively, y" = y for all n.
As such, it follows from (a) above that if (8", y™) € L(S)V B,y € S then, SB™ = Sy™ and since,
Sp™ = SB and Sy™ = Sy. Hence SB = Sy and without loss of generality, imp™ = imf and imy™ =
imy. Hence |impB™| = |imy™| implying that, |impB| = |imy|. The converse is clearly seen in (a) above.
Suppose that ((8,7) € R(S) V B,y € S then by hypothesis, S = ¥S , but by the formation of §
BS implies that, Ba = B2 = By = B and S implies that ya = y2 = yB =y, as such, 8S # yS hence
S = B andyS = y. Clearly we see that imf8 = imy, hence |imB| = |imy|.
c. Suppose {£,y} € Dthen BLy and yRy. Thatis, if there exist « € S aff = 5, and ay =y, then
B =Py =aPy=afy?=aPyy =ayy (sincef =By > BB~ =y) =yy =y* =y,
y=ay =afBt=aBfBBt=aBf = . Hence BLy.
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Similarly, ya = y,and ya =y, that is,

Yy =ya=ay = ayf =yaf =yBa =yfBa = yBy. Hence, yRy. Thus BDy and |imB| = |imy| ©

Theorem 5. Let a, b, ¢ € S. Then the following properties hold;
(i). S is a commutative monoid, (ii). S forms rectangular band and (iii). S form a semilattice
Proof

i. Observe that S is a commutative semigroup since if ,b,c €S ima(X;) =i, ima(X,) =i+
1,.. ., ima(X,) =n, imb(X;) =1, . . imb(X,_,) =i, imb(X,) =n,andimc(X,) =i,
imc(X,)=n,...,imc(X,)) =n, n=3,i =1.
(axbh)=(b*a)SS , Vn=3 and dually, (a,b)=*(b,c)=(b,c)*(ab). Hence S is a
commutative semigroup. If a is an identity element in S, thena*b=b=bx*a and a*c=c =
c*a forall b,c €S. This implies that, S contain an identity element. Hence S is a commutative
monoid.

ii. Also, since in S bab =abb =bba=bab=>b and cac = acc = cac = cca = cac =

c V ab,c €S .HenceS is a rectangular band.

iii. That S form a semilattice can easily be seen. m

50 WORKDONEBY §

Following the approach of James East in [4] on the work titled “work done by transformation

semigroup” we obtain the work done and average work done by S respectively.

Combinatorially, we obtain that

-3
2(n—2) + (Z:g)(n —3) n*-3n+2

IS| =3 - 3
Representing W(S) and W(S) on the table below for n > 3.

W(§)=2(n—2)+(z )(n—3)=n2—3n+z

W) =

n(n=3) 3 415 6 7| 8 9 10 | 11 12
W) =n?-3n+2 2 612 20 |[30]42 56 72190 | 110
_ WO 0.6667 | 2| 4 | 6.6667 | 10 | 14 | 18.6667 | 24 | 30 | 36.6667
W) =15=3

|§|=3+Z(i—1)+(1—i)
i=0

Table 1
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Theorem 6. Let a, b, c € S a 3 elements semigroup of the order preserving transformation semigroup S.

n?-3n+2
3

a W(S)=n?-3n+2and b. W(S) =
Proof
Let W(S) represent work done by S. Suppose W(S) = 2(n —2) + (3%)(n — 3) where,
(Z:;) tells us that there are (n-2) ways (n-3) can be presented in W(S) for n > 3.

2(n-2) implies that for every n there are 2(n-2) which must be added to the presiding value and (n-3)

implies that for every n there are (n-3) multiple to (n-2) ways (n-3) can be presented, as such;

(n-2)! _ _ (n-2)! _
2(n—2)+ e n-3) =2(n—-2) + ="y (n—3)
_ _ (n-2)!(n-3)
=2(n—-2)+ e
_ _ (n-2)(n-3)! _
=2(n—-2)+ ST (n—3)

=2n—-2)+(n—-2)(n—-3)
=n—-212+n-3)
=(n-2)n—1) =n*-3n+2

(n-2)!
(n-3)!(1)!

Therefore, 2(n — 2) + n—-3)=n*-3n+2.

W) _ n?-3n+2
IS|=3 3

Obviously, the average work done by S is give as W(S) = vn=>3. O

6.0 SUMMARY

The investigation of 0,, for 1DO,, yield a crucial result which has some significance in semigroup
theorem. The significant results we obtain in this study reveal that the elements of non-identity
difference order preserving transformation ID0,, form a semigroup for n = 3 but cease to be a
semigroup for n > 4 as shown in section 3 above. Also, a close investigation on the said elements for
n = 3 gave another view as regards 1D0O5 characteristics which can be seen for n > 4. By these
approaches we were able to obtain a semigroup S that has only three elements for all n > 3. Further
investigation on the said semigroup S gave us the properties that we were able to build on as shown in

section 4 and 5 respectively.
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