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Abstract. We consider inverse semigroup amalgams [Sy,S>; U] such that for any u € U and e € E(S;) withu > e in S,
where i € {1,2}, there exists f € E(U) withu > f > e in S;; we say that U is lower bounded in S; and S,. We construct
and describe the Schiitzenberger automata of Sy *y S2 and give conditions for decidable word problem. The homomorphisms
of the Schiitzenberger graphs of Sy xy S> are studied and conditions are given for S; xS to be completely semisimple. In

the case when S| and §; have decidable word problems and U is finite, we show that Sy *y S» has decidable word problem.
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1. INTRODUCTION

It was proved by Hall [11] (1975) that any amalgam of inverse semigroups is strongly embedded
into an inverse semigroup. It follows that any amalgam [S},S,; U] is strongly embedded into the
amalgamated free product S *y 57, in the variety of inverse semigroups. Since Hall’s result, the
structure of S *g7 S2 and conditions for decidability of the word problem, in the general case, have been

open problems, although some special cases have been studied.
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It was shown by Birget, Margolis and Meakin [3] (1991) that S| ;7 S7 can have undecidable word
problem. Haataja, Margolis and Meakin in [10] (1996) considered full amalgams. Lower bounded
amalgams were studied by the author in [1] and [2] (1997). Stephen [18] (1998) reproved Hall’s result.

Cherubini, Meakin and Piochi [6] (1997) showed that the amalgamated free product of free inverse
semigroups can have decidable word problem. In [7] (2005), they showed that amalgams of finite
inverse semigroups have decidable word problem. Further work was done by Cherubini, Jajcayova,
Mazzuchelli, Nuccio and Rodaro in [5], [15], [8], [9] and [4] (2008-2015).

In Algorithm 4.20, a method is given for constructing the Schiitzenberger automata of Sy *y7 S5.
Theorem 4.26 describes the Schiitzenberger automata of S; *y 2. Results are given concerning
homomorphisms of Schiitzenberger graphs, which lead to conditions for S *;; S> to be completely
semisimple. In Theorem 4.40, a list of conditions is given for S *¢ S to have decidable word problem.
As an example, Corollary 4.41 shows that S| *y7 S> has decidable word problem when S; and S, have

decidable word problems and U is finite.

2. PRELIMINARIES

A semigroup S is called an inverse semigroup if, for every element s € S, there is a unique element s~
called the inverse of s, such that ss~'s = s and s 'ss™! = 5. The set E(S) = {e € S: e?> = ¢} is
called the semilattice of idempotents of S. The natural partial order of S is defined by a < b if and only
if a = eb, for some e € E(S), for a,b € S. A subsemigroup U of S is called an inverse subsemigroup
of § if the inverse of each element of U is also contained in U. For results on inverse semigroups, see
Howie [12] and Petrich [14].

A presentation for an inverse semigroup S is a pair (X | R), where X is a non-empty set and R is
a binary relation on (X UX ~')* such that S = (X UX~!)* /1, letting T denote the congruence
generated by R and the Vagner congruence p. We say that the inverse semigroup S is presented by the
generators X and relations R and write S = Inv(X | R).

The presentation (X | R) is then studied by considering the Schiitzenberger automaton <7 (X,R,w)
of w, for w € (X UX~1)*. The automaton . (X, R, w) has underlying graph ST'(X, R, w), consisting
of vertices R, the Z-class of S containing wt, and an edge from s to ¢ labeled by y, if 5,7 € R,z and

y € X UX ! such that s- yt = ¢. The initial and terminal states are the vertices ww ™7 and wt,
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respectively. If a presentation has been specified then we also denote (X | R), ST'(X,R,w), </ (X,R,w)
by (S), ST(S,w), </ (S,w), respectively. For results on presentations, see Stephen [16], [17] and [18].
For a non-empty set X, an inverse word graph 1" over X is a connected graph with edges labeled
over X UX !, such that for every edge from v| to v, labeled by y, there is an inverse edge from v, to
vy labeled by y~!. The inverse word graph I" is deterministic if no two distinct edges have the same
initial vertex and label. The vertex and edge sets are denoted V(I") and E(I"), respectively.

A V-equivalence 7 is an equivalence relation on V (I"). The quotient of I under 7 is defined to be
the graph I'/n with vertices V(I'/n) = V(') /N and an edge from v 7 to vo7, labeled by y, if there
is an edge from v; to v, in I labeled by y. The quotient I" /1) is also an inverse word graph over X and
7 induces a homomorphism from I" onto I'/7.

If vi,vy € V(T') and w labels a path, or edge, from v; to v, then we write this as vi —" v,. We
have a path vin —" v,7 in I'/n if and only if there are paths x; =" y;, xo =2 yo, ..., x, =" y,
inI', where n > 1, vinxg, yinNxa, ..., Yn—1MNXn, yuNv2 and wiwy - --wy, = w.

The V-equivalence 7 is called determinising if I'/1 is deterministic. The least determinising
V-equivalence containing m is defined as the intersection * of all determinising V-equivalences that

contain 1. The determinised form of T is the quotient I' /id*, where id is the identity relation.

Result 2.1. [17, Lemma 4.3, Theorem 4.4] The determinised form T /id* of an inverse word graph T
over X is a well-defined deterministic inverse word graph over X. For vi,v, € V(I'), we have

viid* = vpid* if and only if there is a path vi —" v, for some word w freely reducible to 1.

The composition of V-equivalences 1 o id* is equal to n*. Thus, for vertices vi,v, € V(I'), we
have vin*v; if and only if there is a path vin —" vo7n in ['/n, where w is freely reducible to 1.
Then vin*v, if and only if there are paths x; —"1 y1, x3 ="2 ys, ..., x, =" y, in T, where n > 1,
VINX1, YINX2, -y Yn—1MNXn, YnNv2 and wiwy - - - wy, is freely reducible to 1.

Further, we have a path vin* —" v,n* in I'/n* if and only if there exist paths x;n —"1 y|n,
0N =2 yn, oL xyn ="y in /N, where n > 1, vin®xy, yin®xo, .., Yo—10 X0, ya V2
and wyw; ---w, = w. Thus, using the above, we a path vin* —" v,n* in I'/n* if and only if
there exist paths x; =" y1, x ="2yy, ..., x, ="y, in I, where n > 1, vinxy, yinxo, yanxs, ...,

Yn—1MNXn, YnMv2 and wywy - - - wy, 1s freely reducible to w.
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A (birooted) inverse automaton over X is a triple &7 = (a, I, ), where I is an inverse word
graph over X and a, 8 € V(I'). The vertices a and 3 are called the initial and terminal roots of <7,
respectively. We also denote the vertices of .7 by V(o). The language L[.<7] of </ is the set of all
words that label paths from « to 3. If 17 is a V-equivalence on the vertices of I then the quotient

automaton <7 /1 is given by (an,I'/n, Bn). The determinised form of </ is the quotient <7 /id*.

Result 2.2. [17, Theorem 2.5] If &7 and /' are deterministic inverse automata over X with
L[«7] C L|</"] then there is a unique homomorphism from < into <7’. Thus if L[.<7] = L|</"] then
we have of = of’.

An inverse automaton .27 over X has decidable language if there exists an algorithm that decides, on

input w € (XUX~1)*, whether or not w € L[.«/].

Result 2.3. [17, Theorems 3.1 and 3.9] For S = Inv(X | R), the language L[</ (X,R,w)] consists
of all words wy € (XUX 1T such that wiy >w in S. We have w=wy in S if and only if

o (X,R,w) = o (X,R,w).

Result 2.4. The word problem for S = Inv(X | R) is decidable if and only if the Schiitzenberger

automata of (X | R) have decidable languages.

Proof. The proof follow from Result 2.3. 0J

An inverse automaton 7 over X is called an approximate automaton of </ (X,R,w) if we
have L[</| C Lo/ (X,R,w)] and there exists w; € L[</] with w; =w in S = Inv(X | R), written
o ~ o (X,R,w). An inverse word graph I over X is called an approximate graph if we have
(a,I',B) ~ o/ (X,R,w), for some ¢, 3 € V(I') and some w. Multiplication of disjoint automata
) = (1,1, B1) and o5 = (0,1, Br) is defined by @/ x o/ = (oym, (T'1 UT2) /N, Bam ), where
7 is the V-equivalence generated by {(f1,0)}.

Result 2.5. [17, Theorem 5.2] If we have </ ~ o/ (X,R,wy) and <5 ~ o/ (X ,R,wy) then
ﬂfl X Q{l ~ M(X,R,W1W2).

The linear automaton of w = y1y;---y, € (XUX~1*, for y, € X UX 1, is the inverse automaton
. . —1
(o4, Ty, By), with vertices vo = Qyy, V1, - - ., Vu—1, vy = By and edges vi_; —Y% v, v =Y vy,

fork=1,2,...,n.
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If (o, T, B) is an inverse automaton over X and (r,s) is a relation in R such that I" contains a path
vi —" vy, and no path v; —* v,, then we perform an elementary expansion, relative to (X | R), by
taking the disjoint union 'UTs and then forming the automaton (an, (TUTy)/n,Bn), where 7 is
the V-equivalence generated by {(vi, &), (v2, Bs) }. We refer to this construction as sewing on the
linear automaton of s from v; to v,.

If we take the disjoint union of I" with any automaton (o, "1, B1) and then take the quotient by the
V-equivalence generated by {(vy,04), (v2,B1)}, then we also refer to this operation as sewing on
(ay,T'y,By) from vy to vy. If vi = v, then we refer to this operation as sewing on (0,1, B1) at vy.

If I has two edges vi = v and v{ = v3, for some y € X UX —!, then we can perform an
elementary determination, relative to (X | R), by taking the quotient of I" by the V-equivalence
generated by {(v2,v3)}. An elementary expansion or determination of an inverse automaton is just an

elementary expansion or determination of the underlying graph.

Result 2.6. [17, Lemmas 4.1, 5.5, 5.6] If A is obtained from the automaton </ by an elementary

expansion or elementary determination, relative to (X | R), then L[</| C L|%)]. Further, if
o ~ o (X,R,w) then BB ~ o/ (X,R,w).

Result 2.7. If A is the determinised form of the automaton <, relative to (X |R), then

LB C{ze (XUX)* 721> y1, for somey € L[]}

Proof. We have % = of /id*. Thus if z € L[] then there exists y € L[.<7] that is freely reducible

to z. Hence z7 > yt for some y € L[.<7]. O
Result 2.8. If o7 ~~ o/ (X,R,w) and A is the determinised form of </ then % ~~ o/ (X,R,w).

Proof. The proof follows from Results 2.3 and 2.7. 0

A deterministic inverse automaton over X is closed, relative to (X | R), if no elementary expansions

can be performed.

Result 2.9. [17, Theorem 5.10] If &7 ~~ <7 (X,R,w) and </ is deterministic and closed, relative
to (X | R), then of = of (X,R,w).

If I' is an inverse graph over X then we say there is a path from vertex vy to vertex v, labeled

by s € S, and write v; —* vy, if there is a path v; —" v,, for some w € (X UX 1)t withwt =s € S.
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If T is closed, relative to (X | R), and we have a path v; —" vy, for some w € (X UX~!1)* with
wT = s, then we have a path v; — vy, for every y € (XUX 1) with yt > 5.

As defined in Stephen [17], an expansion, relative to (X | R), consists of performing an elementary

expansion and then taking the determinised form.
Result 2.10. [16] The category of all inverse automata over X is cocomplete.

That is, every directed system of inverse automata over X has a direct limit. For an inverse automaton
</ over X, the closed form of <, relative to (X | R), is the direct limit of the directed system of all

automata obtained from .7 by finite elementary expansions and determinations, relative to (X | R).

Result 2.11. [18, Theorem 3.3] The automaton <7 (X ,R,w) is the closed form, relative to (X | R), of

the linear automaton of w.

Result 2.12. [18, Lemma 3.4] If A is the closed form of the automaton <7, relative to (X | R), then
we have L[B) = {z € (XUX )" :z1 > y1, for some y € L[]}

Let S} = Inv(X; | Ry) and S, = Inv(X; | Ry), where X; N X, = 0. Then the free product S} * S5,
in the variety of inverse semigroups, has presentation (X | R), where X = X; UX, and R = Rj URy. If
I" is an inverse word graph over X then each edge of I' is labeled from X; UXZ._I, for some i € {1,2},
and is said to be colored by i. A subgraph of I" is monochromatic if all its edges have the same color. A
lobe of I is a maximal monochromatic connected subgraph of I'. The coloring of edges extends to
coloring of lobes. Two lobes are said to be adjacent if they share common vertices, called intersections.
A path in I" is called simple if it contains no repeated vertex, other than perhaps its first and last, in
which case it is a simple cycle. The graph I' is called cactoid if it has finitely many lobes and every

simple cycle is monochromatic. An inverse automaton is called cactoid if is underlying graph is cactoid.

Result 2.13. [13, Theorem 4.1] The Schiitzenberger automata of the free product S1 xS, = Inv(X | R)

are precisely, up to isomorphism, the cactoid inverse automata over X, where the lobes are isomorphic

to Schiitzenberger graphs of either (X; | Ry) or (Xa | Ra).

Construction 2.14. [13, Section 3] Let & = (o,I", B) be a cactoid inverse automaton over X

with lobes that approximate graphs relative to either (X; | R) or (X | Rz). Let A be a lobe with
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(v,A,v) ~ o7 (X;,R;,y), for some v € V(A) and y € (X; UX; 1) F, and let (v1,Ar,v1) = o (Xi, R;, y)
be disjoint from A. Construct the quotient &7’ = (an,(TUA;)/n,Bn), where 7 is the least

V-equivalence identifying v with v; and determinising A and A;.

Result 2.15. [13, Propositions 3.1, 3.2, 3.3] If &7’ is obtained from < by an application of
Construction 2.14 then </’ is a cactoid inverse automaton over X with lobes that approximate graphs

relative to either (X | R) or (Xa | R2). Further, if & ~~ o (X,R,w) then o/’ ~ o/ (X,R,w).

Result 2.16. [13, Theorem 3.4] Starting with the linear automaton of w, any sequence obtained by

repeated applications of Construction 2.14 terminates finitely in o/ (X ,R,w).

Result 2.17. [13, Corollary 3.5] The free product Sy * S, = Inv(X | R) has decidable word problem if
Sy =Inv(X| | Ry) and S, = Inv(Xs | R2) both have decidable word problems.

3. DIRECTED SYSTEMS OF INVERSE AUTOMATA

Notation 3.1. Suppose we have an operation, Construction Q, say, that we can apply to inverse
automata over X. Let / denote the set of all automata obtained from a deterministic automaton .27’ by
finitely many applications of Construction Q. Define a relation by 8 < % if and only if Z =% or €

is obtained from Z by finite applications of Construction Q, for #,% € I.

Lemma 3.2. Suppose Construction Q satisfies the following, for 8,¢,9 € I:

(A) B <€ implies € is a deterministic and L[#] C L|F)].

B) B<LC and B < D imply € < & and D < &, for some & € 1.
Then the automata of I form a directed system. The direct limit is the quotient of the disjoint union
UgerPB, under the V-equivalence M defined by vinv, if and only if B < P and € < 9, for some
9 € I, where the images of v| and v, are identified in 9, for vi € V(A), vo € V(€') and B,% € I.

For any w in the language of the direct limit, there exists A in the directed system with w € L|A).

Proof. It is immediate that the relation < is reflexive and transitive. If Z < % and € < % then
condition (A) implies # = ¢, by Result 2.2. Hence < defines a partial orderon /. If ¢, % € 1
then .of <% and & < Z imply ¢ < & and ¥ < &, for some & € I, by condition (B). Thus (7, <)

determines a directed set.
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If #,¢ €1 and % < ¢ then we have a unique homomorphism 0 & : % — ¢, where Qg 5 is
the identity map on %, by Result 2.2. If ,%4,2 € I and 8 < ¢ < P then Qg 4 0 Oy 9 = Op 9,
by uniqueness. Thus the automata in 1, with the homomorphisms ¢t «, determine a directed system.

It 1s immediate that 1 is reflexive and symmetric. Suppose vinv, and vonv3z, for some
vi EV(B),v, €V (E)and vz € V(D), where B,%€,2 € I. There exist &,.F € I with B, € < &
and ¢, 2 < .Z, where v| and v, are identified in &, and v, and v3 are identified in .%. There exists
¢ € I with &,.F < 4. Thus v and v3 are identified in ¢ and so v;1nv3. Hence 7 is transitive.
Therefore 1 defines a V-equivalence. Put 77 = (Ugc; %) /1.

Suppose vi —* v3 is an edge in A and v, —* vy4 is an edge in €', where vy v;, for some B, % € I.
There exists & € I such that 8,6 < 2, where the images of v; and v, are identified in Z. Then v3
and v4 are identified in &, since ¥ is deterministic. Thus v3 and v4 are identified in .7#°. Hence 7 is
deterministic. For each Z € I, we have a unique homomorphism B4 : # — %, induced by 7. For
all #,% € I with 8 < ¢, we have 0z ¢ o By = B, by uniqueness.

Suppose we have an inverse automaton .7’ over X and a homomorphism Yz :  — ',
for each % € I, such that ag ¢ o Yy = ¥z, for all ,¢ €1 with Z < €. If vinv,, where
vi € V(AB) and v, € V(E), for some A, % € I, then there exists Z € [ with #,4 < 2, such
that (vi)atg o = (v2) Qs 5. Thus we have (vi)yz = (vi)0g.90 Yy = (v2) 0z 50 Y9 = (V2) Ve
Hence we have amap 0 : V() — V(”), defined by (vn)6 = (v)yg, forv € V(#) and Z € I.
For # € I and any edge vi —” v, in A, we define (vin =Y vo1)8 = (vi =Y v2) Y. Then we have
a homomorphism 6 : 77 — #’ with Bz 0 6 = Y, for B € I. Now suppose &' : # — A" is a
homomorphism such that B4 0 8" = Y, for Z € I. Then (v)Bgo 6’ = (vn)d’ = (v)yz, for all
v € V(2), and it follows that 8’ = §. Hence 77 is the direct limit of the directed system.

Suppose w = x1x2 - - - x, € L[J]. Put & = (e, T, B). Then there exists %y € I containing an
edge vy =% yy, for each k, with anvy, yinviy1, fork <n—1, and y,nB. Put yo = &, v,1.1 = B
and By = $Bn+1 = /. Then, for 0 < k < n, there exists 6; € [ with By, B < 6, and the
images of the vertices y; and v are identified in 4. By induction on n, there exists # € [
with 69, %1,...,%, < A. The images of y; and v, | are identified in %, for 0 < k < n. Thus we

have w € L[4)]. O



INVERSE SEMIGROUP AMALGAMS WITH A LOWER BOUNDED CORE 9
In Stephen [16], it was shown that the direct limit of the directed system of all automata obtained

from the linear automaton of w by finitely many expansions, relative to (X | R), is the automaton

</ (X,R,w). This result is included in the following.

Corollary 3.3. Let of be a deterministic inverse automaton over X and let Ry, R, denote sets of
relations. Then we have a directed system of all automata obtained from <7 by finite applications of
performing an elementary expansion, relative to (X | Ry), and taking the closed form, relative
to (X | Ry). The direct limit & is the closed form of <7, relative to (X | Ry URy). Thus if we have
of ~ o (X,RiURy,w) then & = of (X ,Ri URy,w).

Proof. If € is obtained from Z by performing an elementary expansion, relative to (X | Ry), and
then taking the closed form, relative to (X | Rz), then ¢ is deterministic and L[%] C L[%’]. Thus
condition (A) of Lemma 3.2 is satisfied.

Let vi,v2,v3,v4 denote vertices of . Let 6] be obtained from % by sewing on the linear
automaton of s from v; to v,. Then let %, be the closed form of %}, relative to (X | Ry). Next let €3
be obtained from %, by sewing on the linear automaton of ¢ from the image of v3 to the image of vy.
Then let 4 be the closed form of 63, relative to (X | Ry). Similarly, let &, be obtained from 2 by
sewing on the linear automaton of ¢ from v3 to v4. Then let &, be the closed form of 7, relative
to (X | R2). Next let 3 be obtained from 2, by sewing on the linear automaton of s from the image
of vy to the image of v,. Then let 24 be the closed form of %, relative to (X | Ry).

It is immediate that L[#] C L[Z;]. Now L[2;] C L[Z5], by Result 2.12. Thus L[%] C L[Zx].
It follows that L[¢]] C L[Z5]. Then, from Result 2.12, we have L[6>] C L[Z,]. It follows that
L[¢3] C L[Z4], since there is a path labeled by ¢ from the image of v3 to the image of v4 in Zj.
Then, again from Result 2.12, we have L[%4] C L[Z4]. A similar proof shows that L[Z4] C L[%}].
Hence €4 = %4, by Result 2.2. It now follows that condition (B) of Lemma 3.2 is satisfied.

Hence, from Lemma 3.2, we have a directed system of all automata obtained from .27 by finite
applications of performing an elementary expansion, relative to (X | Ry), and then taking the closed
form, relative to (X | Ry). Let & denote the direct limit of this directed system and let .% denote the
closed form of o7, relative to (X | R{ UR»).

Let w € L[&]. Then, by Lemma 3.2, there exists an automaton 2 in the directed system for & such

that w € L[%8]. The automaton 48 is obtained from . by performing an elementary expansion, relative
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to (X | Ry), and taking the closed form, relative to (X | R,), a finite number of times. If &/’ is obtained
from .27 by an elementary expansion, relative to (X | R;), then z € L[.<7’] implies z > y in Inv(X | Ry),
for some y € L[.<7], by Result 2.12. If 7" is the closed form of 7', relative to (X | Ry), then
z € L[«/"] implies z >y in Inv(X | Ry), for some y € L[.2/'], by Result 2.12. It now follows that
z € L[] implies z > y in Inv(X | R UR,), for some y € L[</]. Thus w >y in Inv(X | Ry URy),
for some y € L[.<7]. Hence L|&] C L[.%], by Result 2.12.

Conversely, let w € L[.%]. There exists ¢ in the directed system for .7 with w € L[%’]. Then % is
obtained from .27 by a finite sequence of elementary expansions and elementary determinations, relative
to (X | Ry UR;). Now if o/’ is obtained from o7 by either an elementary expansion or an elementary
determination, relative to (X | Rj UR;), then there exists an automaton % obtained from 7 by
an elementary expansion, relative to (X | R;), and taking the closed form, relative to (X | Rz),
with L[«7'] C L[%)]. If &/” is obtained from </’ by an elementary expansion or an elementary
determination, relative to (X | R; UR5), then there exists an automaton %’ where either %' = % or
2’ is obtained from 2 by an elementary expansion, relative to (X | Ry), and taking the closed form,
relative to (X | Ry), with L[.&7"'] C L[%']. Tt follows that there exists %" in the directed system for &
with L[€] C L[%"] and so w € L[&]. Thus L[.7] C L[&]. Hence & = .%, by Result 2.2.

Suppose &7 ~» o7 (X,R; URy,w). By Results 2.3 and 2.12, we have & ~» o7 (X,Ri URy,w).
Since & is closed, relative to (X | Rj UR,), we have & = o7 (X,R; URy,w), by Result 2.9. [

Corollary 3.4. Let o7 be a deterministic inverse automaton over X. Let V| be a subset of the vertices
of o/ and let Ry, R; be sets of relations. Then we have a directed system of all automata obtained from
</ by finite applications of an elementary expansion relative to (X | Ry), between vertices of Vi or

their images, and taking the closed form relative to (X | R;).

Proof. The proof is similar to that in Corollary 3.3. 0

4. A GENERALISATION OF LOWER BOUNDED AMALGAMS

Definition 4.1. We extend the terminology of [1] and [2] by calling an inverse subsemigroup U lower
bounded in S if for any u € U and e € E(S) with u > e there exists f € E(U) withu > f > e. The

lower bounded subsemigroup condition is illustrated in Figure 4.1.
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FIGURE 1. The lower bounded subsemigroup condition.

In this section, let [S1,S2;U; @1, ¢2] be an amalgam of inverse semigroups where U is lower

bounded in S| and S,.

Notation 4.2. For i € {1,2}, we assume that S; has a given inverse semigroup presentation, which we
refer to by (S;). We then denote the Schiitzenberger automaton of s € S;, relative to (S;), by <7 (S;,s).
If A is isomorphic to a Schiitzenberger graph of (S;) and v € V(A) then we let ¢;(v) denote the unique
idempotent of E(S;) such that (v,A,v) = &7 (S;,ei(v)).

We have an inverse semigroup presentation (S *S») = (S;U.S») for the free product S} * S5, in the
variety of inverse semigroups. We denote the Schiitzenberger automaton of z, relative to (S| x S»), by
o/ (S1 % 8>,z), for any word z in the generators of S; and S5.

For u € E(U), let w;(u) be a word in the generators of S; that equals u in S;, for i € {1,2}. We
have a presentation (S xy S2) = (S; U S, | W) for the amalgamated free product S xy S, where
W ={(wi(u),wz(u)) : u € U}. We assume that w; (u) and w,(u) are calculable, for u € U. We let

o/ (81 *u S2,z) denote the Schiitzenberger automaton of z, relative to (S| *xy S2).
The following generalises the definitions of [1, Sections 2 and 3].

Definition 4.3. Let I" be an inverse word graph over the generators of S1 and S». If v is a vertex of I
that belongs to a lobe colored by i then we denote this lobe by A;(v), for i € {1,2}. A lobe path is a
finite sequence of lobes A1, Ay, ..., A,, where A is adjacent to Ag,.q, for 1 <k < n— 1. The path is
reduced if it is not of the form Aj, Ay, A; and all the lobes in the sequence are distinct, except possibly
the first and last. There is a unique reduced lobe path between any two lobes if and only if there are no
non-trivial reduced lobe loops. The lobe graph of 1" is the graph with vertices consisting of the lobes of

I" and edges consisting of all (Aj,A;), from a lobe A; colored by 1 to a lobe A, colored by 2,
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whenever A; and A; are adjacent in I'. The lobe graph of an inverse automaton, over the generators of
S1 and Sy, is the lobe graph of the underlying graph. The lobe graph of I' is a tree if and only if there
are no non-trivial reduced lobe loops. The graph I" is cactoid if and only if the lobe graph of I" is a finite
tree and adjacent lobes share precisely one intersection. A lobe is extremal if it is adjacent to precisely
one other lobe.

The graph I" has the idempotent property relative to (S;), for i € {1,2}, if for every loop v —° v
in T, where s € S, there is a loop v —¢ v, for some e € E(S;) with s > ¢ in S;. An inverse automaton
over the generators of S; and S, has the idempotent property relative to (S;) if its underlying graph
does. The Schiitzenberger graphs of (S;) have the idempotent property relative to (S;). A product of
automata with the idempotent property relative to (S;) also has the idempotent property relative to (S;).
We say that I has the idempotent property if it has the idempotent property relative to (S1) and (S»).
An inverse automaton over the generators of S7 and S, has the idempotent property if its underlying
graph does. The Schiitzenberger graphs of (S *S,) have the idempotent property, by Result 2.13.

Suppose I is a cactoid graph with the idempotent property. Let I” be obtained from I by closing a
lobe A of T colored by i, relative to (S;). Let v € V(A) and let v/ denote the image of v in I". Then
w e L[(V,A;(V'),V)] implies w > y in S;, for some y € L[(v,A,v)], by Result 2.12. In which case,
w>y>ein S, for some e € E(S;) with e € L[(v,A,v)], by the idempotent property. Thus A;(v') has
the idempotent property relative to (S;). If v is an intersection of A then (v, A;(v'),V') is isomorphic to
a product IT,(x,A(x),x), where the product is taken over all intersections x of A that are identified
with v in I, where Aj(x) denotes the lobe of I colored by j that contains x. Thus A;(v') has the
idempotent property relative to (S;). It follows that I also has the idempotent property. More generally,
if I is a cactoid graph with the idempotent property then the closed form of T, relative to (S} * S>), also
has the idempotent property.

The graph I has the equality property if, for every intersection v, there is loop v —* v in A; (v) if
and only if there is loop v —" v in Ap(v), for all u € U. An inverse automaton over the generators of
S1 and S has the equality property if its underlying graph does.

For any intersection v of T, the set of related pairs of v consists of (v,v) and all pairs (v, v;) of
vertices for which we have a path v —" v; in Aj(v) and a path v —" v, in Ay (v), for some u € U. If

(vi,v2) is a related pair then vy and v, are called its coordinates. The graph I has the separation
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property if the related pairs of any two intersections, not belonging to the same pair of lobes, share no
common coordinates. An inverse automaton over the generators of S and S, has the separation

property if its underlying graph does.

Lemma 4.4. Let I" be an inverse word graph over the generators of Sy and S, that is closed, relative
to (S1*S2), and has the equality property. Then, for any intersection v of T', the set of related pairs of v

defines a partial one-one map between V(A (v)) and V (Az(v)).

Proof. Suppose (vi,v2) and (v}, v2) are related pairs of v. Then we have paths v —" vy, v _— V| in
A1 (v) and paths v —% v, v —* v, in Ay(v), for some u,u’ € U'. Since I has the equality property,
we then have a loop v ="' vin A (v). Since I is closed, relative to (S} *S), we must have
vy = v}. Similarly, if (vi,v2) and (v;,V}) are related pairs of v then v, = v,. We have a partial

one-one map V(A (v)) — V(Az(v)), defined by vi — v, for each related pair (v,v;) of v. O

The following generalises [1, Construction 2.1].

Construction 4.5. Let <7 be a cactoid inverse automaton over the generators of S; and S, that is
closed, relative to (Sy *S,). Suppose v is an intersection of .27 and we have a loop v —/ v in A;(v), for
some f € E(U), and no loop v —/ vin A;(v), for some i € {1,2} and j =3 —i. Let &/’ be the
closed form relative to (S} *S) of the automaton obtained from .7’ by sewing on the linear automaton
of w;(f) at the intersection v. In Figure 2, the circles and dots represent lobes and vertices of .27,

arrows represent paths and the dashed arrow represents the linear automaton of w(f).

FIGURE 2. Construction 4.5 illustrated.
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Lemma 4.6. Let <7 be a cactoid inverse automaton over the generators of Sy and Sy that is closed,

relative to (S * 7).

(1) We have a directed system of all automata obtained from <f by finite applications of
Construction 4.5.
(ii) The direct limit A is cactoid and closed, relative to (S1 % S2).
(iii) We have a graph homomorphism from the lobe tree of <7 onto the lobe tree of A.
(iv) If o ~~ o (S| %y Sa,w) then B ~ o (S *y S2,w).
(v) If & has the idempotent property then 9 has the idempotent property.
(vi) If & has the idempotent property then 9 has the equality property.

Proof. Only (vi) assumes that U is lower bounded in S and S,:

(1) We have a directed system from Corollary 3.4.

(ii) Put & = (a1,I'1,B1) and BB = (p,I2,B2). Since &7 is cactoid, it follows that any
automaton in the directed system is also cactoid. Thus 2 must be cactoid. Let vi —" v, be a
path in %, where (r,s) is some relation of S| or S,. Let op —"1 vy and vo —"2 3, be paths
in 4. Then, from Lemma 3.2, there is some automaton .7’ in the directed system with
wirwy € L[&/"]. Since &7’ is closed, relative to (S} x S»), we have wysw, € L[.<7’]. Thus
wiswy € L[%)]. Hence Z is closed, relative to (S *S7).

(iii) For <7’ in the directed system for %, the homomorphism from . into .7’ induces a
homomorphism from the lobe tree of <7 onto the lobe tree of «7’. It follows that the
homomorphism from .o into % induces a homomorphism from the lobe tree of .<7 onto the
lobe tree of A.

(iv) Suppose o7 ~~ o7 (S *xy S2,w). Let w' € L[%]. From Lemma 3.2, there is some .7’ in the
directed system for Z with w’ € L[/"]. Tt follows, from Results 2.3, 2.6 and 2.12, that
A"~ o (S %y Sa,w). Thus w' € L[ (S1 *y So,w)]. Hence B~ o (S1 *y Sz, w).

(v) Suppose <7 has the idempotent property. If z defines an idempotent of E(S;), where i € {1,2},
then, fory € L[(e,T;, B;)/nN], we have y > zin S;, where (o, I';, B;) is the linear automaton
of z and 7 is the V-equivalence generated by (o, B;). Thus any automaton obtained from .o/
by sewing on the linear automaton of z, at some vertex, has the idempotent property. From

Definition 4.3, the idempotent property is preserved under taking the closed form, relative
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to (S *S3), of a cactoid graph. It follows that any automaton in the directed system for % has
the idempotent property. If we have a path oy —"! v and a loop v —* v in %, where s € §;
and i € {1,2}, then, letting oy —" B be a path in <7, there is some automaton 7’ in the
directed system with wlswl_lw € L[.</'], by Lemma 3.2. Since the automaton .27’ has the
idempotent property, we have wiew| 'w € L[<7'], for some e € E(S;) with s > e in S;. We
then have a loop v —¢ v in Z. Hence % has the idempotent property.

(vi) Suppose Z has the idempotent property. Let v be an intersection of .2 and suppose we
have a loop v —"i*) v in A;(v), for some u € U and some i € {1,2}. Put j = 3 —i. From
the idempotent property, we have a loop v —¢ v in A;(v), for some e € E(S;) with u > e.
Since U is lower bounded in S;, there exists f € E(U) withu > f > e in ;. Since Z is
closed, relative to (S} * S»), we have a loop v —"i )y in Ai(v). Let v; denote an intersection
of <7 that is a preimage of v and let oy —" B; and oy —* v be paths in /. We have
z-wi(f) -z~ 'w € L[4). There is some automaton &7’ = (a,I"}, B]) in the directed system
for 98 such that z-w;(f) -z~ 'w € L[], by Lemma 3.2. Thus .« contains a path o] —%V/
and a loop v —"i(/) y/_ where V' is an intersection. We can obtain 7" from o7’ by an
application of Construction 4.5 such that we have a loop v/ —"i/) v/ in A;(v""), letting V"
denote the image of v/ in 7", Thus we have a loop v —"s(/) vin A;(v). Since u > f in U,

we have a loop v —"i(®) yin A j(v). Hence % has the equality property.

O

Lemma 4.7. Let (02,12, B2) be the direct limit of the directed system of all automata obtained from
(ay,I'y, By), by finite applications of Construction 4.5. Let v, 8, € V(I'y) and let v, &, denote their
respective images in I'y. Then (12,12, 8,) is the direct limit € of the directed system of all automata

obtained from (1,1, 81), by finite applications of Construction 4.5.

Proof. Let y1 —"1 o and B; —"2 §; be paths in I';. Let y € L[(15,12,02)]. Then we have
wy 'ywy ! € L[(a2,T2, )] and so there is some automaton (f, I, B]) in the directed system for
(0, T2, B2) with wy 'yw, ! € L{(o], T, B])], from Result 3.2. Now (| ,I"}, B{) is obtained from
(1,1, B1) by finite applications of Construction 4.5. Let 7| and J; be the respective images
of 1 and §; in I'}. It is immediate that (y{,I"},6]) is obtained from (y;,I',8;) by the same

applications of Construction 4.5. Thus (7;,I}, d{) is in the directed system for . Since I} is
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deterministic, we have y € L[(y],I"}, 8])]. Thus y € L[%] and so L[(¥»,12,8,)] C L[%). Similarly,
L€ C L[(1,I2,8,)]. Hence (5,12, 8,) = €, by Result 2.2. O

Lemma 4.8. Let % denote the direct limit of the directed system of all automata obtained from <7,
by finite applications of Construction 4.5. Then there exists <7’ in the directed system for 9 such that

the homomorphism from /' into 9B induces an isomorphism of the lobe trees.

Proof. Put o7 = (oy,I'1,B1) and let w € L[.7]. Suppose the homomorphism from < into %8 maps
distinct lobes Aj and A; of o7 into a lobe of Z. Let the images of vi € V(A;) and v, € V(Ap)
be identified in 4. Let a; —"! vi, &; —"2 v, be paths in I';. Then we have wlwz_lw € L[4A.
There exists </’ in the directed system for % with wiw, lw e L[¢7’], from Result 3.2. Put
o' = (oI}, B{). There are paths & —"1 v} and of —"2 v} in I"|. Thus the images of v; and v,
in &7’ are identified. Hence the homomorphism from .27 into .27’ maps A; and A, into a lobe of .o/’
Since %7 has finitely many lobes, it follows that there exists .27’ in the directed system for 2 such that
any lobes of .27 that are identified in %8 are also identified in .<7’. Thus the lobe trees of .27’ and A

must be isomorphic. O

Construction 4.9. Let # = (a,1, B2) be a cactoid inverse automaton over the generators of
S1 and S; that is closed, relative to (S} *S>). Suppose v; is an intersection, A;(v;) is extremal,
where i € {1,2}, o, B2 ¢ V(Ai(v2))\{v2}, and for any loop vo — v, in A;(v2) there exists a loop
vy =/ vy in A;(v,), where j =3 —iand f € E(U) with y > f in S;. Then put &' = (o, %2, B2),

where X, is the subgraph of I'; consisting of all the lobes except A;(v7).

Lemma 4.10. Suppose %' is obtained from 9B by Construction 4.9. If we have B ~~ o/ (S1 *y Sz, w)
then B’ ~ JZf(Sl *py S2,W).

Proof. We adopt the notation of Construction 4.9. We have L[%'] C L[] C L[.<7 (S| *u S2,w)]. Let
w € L[%B) suchthat w' = win Sy *xy Sp. If w € L[] then it is immediate that #’ ~~ o7 (S *y S2,w).
Otherwise we have w' = zgy1z1 * - - yn2n, for some n > 1, some paths 0ty —% vy, vy —% vo, vy —% By
in 5, where k < n— 1, and some loops v, = v, in A;(v;), where k < n, allowing zy and z, to
be 1. Then, by assumption, there is a loop vy —/% v, in Aj(v2), where fy € E(U), j=3—iand
Yk > frinS;, for 1 <k <n. Putz=zo-w;(f1)-z1----w;(fn) - zn. Then w' > zin §; %y S5, where

z € L[#']. Hence z = w in Sy *y Sy and so we have B’ ~ o7 (S1 *y Sz, w). O
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Corollary 4.11. For any word w, there exists a word w' such that we have w = w' in S| *y S», the
automaton </ (S1 * Sy, w') has at most as many lobes as <7 (S| xSy, w) and the direct limit of the
directed system of all automata obtained from <7 (S1 x Sy, w'), by finite applications of Construction 4.5,

has the property that Construction 4.9 cannot be applied.

Proof. Let % denote the direct limit of the directed system of all automata obtained from
of = o/ (S1 *Sa,w), by finite applications of Construction 4.5. By Lemma 4.6, the automaton .2 has
at most as many lobes as 7.

Suppose %' is obtained from 2 by an application of Construction 4.9. Adopt the notation of
Construction 4.9. By Lemma 4.6, we have % ~» <7 (S| xy S2,w). Hence, from Lemma 4.10, we
have B’ ~ o7 (S *y S2,w). Thus there exists a word z € L[%'] such that z =w in S| xy S,. By
Lemma 4.8, there exists &7’ = (a{,I"}, B) in the directed system for 2 such that the homomorphism
from 2/’ into % induces an isomorphism of the lobe trees. From Lemma 3.2, there exists 7"
in the directed system for % such that z € L[.<7”']. Since we have a directed system, we can
assume &7’ = o7".

Let v} denote the unique intersection of <7’ that is a preimage of v,. Then put ¢ = (o, X}, B).
where X is the subgraph of I'| consisting of all lobes, except for A;(v]). The automata
¢ = (o1,2),B)), &' = (a,I',B]), ' = (00,X2,B,) and B = (0,12, 32) are illustrated in
Figure 3. For some word w', we have ¢ = o7 (S1 xSy, w'). Now L[€| C L[#']. Also, z € L[#']

FIGURE 3. The automata ¢, <7/, %' and 2.

implies z € L[€], by the properties of <7’. Thus € ~ o7 (S| *y S, w). Hence we have w' = w in
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S1*y S> and € has fewer lobes than A. Let Z denote the direct limit of the directed system of all
automata obtained from &, by finite applications of Construction 4.5. By Lemma 4.6, the automaton &
has at most as many lobes as %". Thus Z has fewer lobes than Z. Since Z has finite lobes, we can

continue in this manner until no application of Construction 4.9 can be applied. UJ

The following generalises [1, Construction 3.3].

Construction 4.12. Let = (a,1, B2) be a cactoid inverse automaton over the generators of S}
and S5 that is closed, relative to (S| xS, ). Suppose there are paths v; —ywiu) vo and v —"J () 12
in I',, where vy and v; are two intersections, for some u € U, i € {1,2} and j = 3 —i. Figure 4

illustrates the situation. Since the lobe graph of I', is a tree, the unique reduced lobe path from a lobe of

\\ Wi(”) \,’ WJ(”) y
N |
/ i
e A,(VO’I\‘AJ'(VI) N
[\
¥ / \\ Y,
I

FIGURE 4. Construction 4.12 illustrated.

I'; to A;(v1) either contains A;(vy) or does not. Let X; denote the subgraph of I'; containing A;(vy)
and any lobe where the unique reduced lobe path to A;(v{) does not contain A ;(vy). Similarly, let X;
denote the subgraph of I'; containing A;(v{) and any lobe where the unique reduced lobe path to
Aj(v1) does not contain A;(vq). Thus £;UX; =T, and £;NX; consists of v;.

Let X7 and X7 denote disjoint copies of X; and X, respectively. If o 7 v then let a* denote the
unique image of & in X} UZ?. It oy = v then let o denote the image of v in X}. Define 8*
similarly. Then let ) denote the V-equivalence on Xj UX? generated by {(vo,v2)}, letting vo and vz
denote their unique images in X} and X7, respectively. Put ¢’ = (a*n, (£; UZ%)/n, B n). Let &'

denote the closed form of € relative to (S; *.S5).

Lemma 4.13. Suppose S’ is obtained from % by Construction 4.12.
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The automaton ' is cactoid and has fewer lobes than 2.
If B~ o (S1 %y Sz, w) then B' ~ o/ (S1 *y Sz, w).
If B has the idempotent property then so does %'

Proof. We adopt the notation of Construction 4.12.

@

(i)

(111)

Since v, is identified with v, the automaton % is cactoid and has fewer lobes than %8. Thus
%' is cactoid and has fewer lobes than 2.

Suppose B ~ (S xy S2,w). Let op —* v denote a path in either X; or X;. Since
L[A] C L[ (S| *u S2,w)], the languages L[(vo,X;,vo)] and L[(v2,X;,v;)] are contained
in L[.o7 (Sy *y S2,u~ 'z 'ww~1zu)] and we have ww™'zuZZww~! in S| ¢ S,. Then the

ww™lzu)]. Since

language L[(vo7, (X7 UX})/n,von)] is contained in L[<7 (S *u Sa, ulz”
we have a path o*1 —* von in (£} UX?)/n, the language L[(a*n, (X UE})/n, 0" n)] is
contained in L[.o7 (S xy Sp,ww™!)]. We show there exists y € L[] with y = w in Sy *y S».
It will follow that € ~~ o7 (S1 *y Sz, w) and so B’ ~ o7 (S} *y S2,w), by Result 2.12.

Let z € L[] such that z = w in S| xy S». If op —* B, is contained in ¥, then put y = z. If
o, —* B, is contained in X ; then put y = zozz1, where zo = w;(u) - (wj(u))_1 if op = vy,
else zo = 1, and z; = w;(u) - (wi(u)) "' if Bo = v|, else z; = 1. Then we have y € € and
y=win S| xy 5.

Now suppose oy —* [, is not contained in X; and not contained in X ;. Then oy —* B, is
the concatenation of subpaths oy —"° v, vi ="1 vy, ..., vi =" B, for some n > 2, where
each subpath is either contained in X; or contained in X;. If the subpath labeled by wy
is contained in X; then put y; = wy. If the subpath labeled by wy is contained in X; then
put yx = zowxz1, where zo = w;(u) - (w;(u)) ! if the subpath starts at vy, else zo = 1, and
21 =wj(u)- (w;(u))~" if the subpath ends at v, else z; = 1. Put y = y{y; - -y,. Then we
have y € ¢ and y =w in S| xy 5.

Suppose % has the idempotent property. Then the automata (vo,X;,vo) and (vo,X;,v2) have
the idempotent property. It follows that ¢ has the idempotent property. Then %’ has the
idempotent property, since % is cactoid and so the idempotent property is preserved under the

operation of taking the closed form, relative to (S *.S5), from the workings in Definition 4.3.

0
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Corollary 4.14. For any word w, there is a word w' withw =w' in Sy xy S2, & (S * So,w') has at
most as many lobes as <7 (S1 * S»,w) and the direct limit of the directed system of all automata

obtained from <7 (S1 * Sy, w'), by finite applications of Construction 4.5, has the separation property.

Proof. Let o = o/ (S1 % S2,w). Let Z = (0,12, B,) denote the direct limit of the directed system
of all automata obtained from .27, by finite applications of Construction 4.5. By Lemma 4.6, the
automaton & is cactoid and has the equality property, with at most as many lobes as .27

Suppose Z does not have the separation property. Then there are distinct intersections vg and vy of
2B and a path vi —"i®) v in A;(v1), for some u € U and i € {1,2}. Put j =3 —i. Since 2 has the
equality property, there is a path vi —"i® v, in A i(v1). Let ap =% v be a path in A.

By Lemma 4.8, there exists &/’ = (a{,I"|, 8{) in the directed system for # such that the
homomorphism from 27’ into %8 induces an isomorphism of the lobe trees. By Lemma 3.2, there exists
/" in the directed system for % with z-w;(u)-w;(uu™') - w;i(u™') - wi(uu=t) - 27w € L["].
Since we have a directed system, we can assume that o7’ = .7”. Thus we have paths o] —% v/,
Vi =iy and vi —i) v in o7’, where v, v, and v} are preimages of vo, v| and vy, respectively,
and v, and v/ are two intersections of <7’

Let 7" be obtained from .7’ by an application of Construction 4.12. Then <" has fewer lobes
than <7’ and so «7"" has fewer lobes than 8. Thus <" has fewer lobes than <7, by Lemma 4.6. From
Construction 2.14 and Result 2.15, we have " = o7 (S| x Sp,w'), for some word w'. Also, from
Lemma 4.13, we have &" ~ o7 (S xy Sa,w).

Let %’ denote the direct limit of the directed system of all automata obtained from .7, by finitely
many applications of Construction 4.5. Then %8’ has at most as many lobes as 7", by Lemma 4.6.
Hence %’ has fewer lobes than 2. Continuing in this manner, we reach such an automaton «7"” where

the direct limit %’ has the separation property. U

The following generalises the definitions of [1, Sections 4 and 5].

Definition 4.15. Let I" be an inverse word graph over the generators of S and S5 that is closed,
relative to (S1 *.S). We say that an intersection v of I" has identified related pairs if every related pair
of v is of the form (V/,V'), for some intersection v/ of A;(v) and Ay (v). If, in addition, (v/,V') is a

related pair of v, for every intersection v/ of Aj(v) and Ay (v), then we say that A; (v) and Ay (v) are
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assimilated by v. Figure 5 illustrates a graph where the related pairs are not identified and a graph where

the lobes are assimilated. If A;(v) and Ay(v) are assimilated by v then they are assimilated by every

AN AN 7/
AN /// N v/ d
'
Ve AN // v \\
// Al (V) A2 (V) \\ Ve A] (V) A2 (V) N\

FIGURE 5. Unidentified related pairs and assimilated lobes.

intersection of A;(v) and A (v). The graph I" has the assimilation property if any two adjacent lobes
are assimilated by a common intersection. The assimilation property implies the separation property, An
inverse automaton over the generators of S| and S; that is closed, relative to (S} *S>), has the
assimilation property if its underlying graph does.

If T" has the equality property then the related pairs of any intersection v define a partial one-one map
between V(A1 (v)) and V(Az(v)), by Lemma 4.4. If T has the equality and separation properties and v
is the only intersection of Aj(v) and Ay (v), then we can assimilate A;(v) and Ay (v) by taking the
quotient of I" by the V-equivalence 1 generated by the related pairs of v. Since I" has the separation
property, each lobe of I" is mapped isomorphically onto a lobe of I"/7, under 1. It follows that I"/n is
closed, relative to (S; % S,), and has the equality and separation properties.

More generally, suppose I has the equality and separation properties and adjacent lobes of I" have
precisely one intersection. Then the assimilated form of I' is the quotient of I" by the V-equivalence n
generated by the related pairs of every intersection. Similarly, each lobe of I" is mapped isomorphically
onto a lobe of I'/7, under 1, and the quotient I'/7 is closed, relative to (S} x S,), with the equality,
separation and assimilation properties. The assimilated form of an inverse automaton, over the
generators of S1 and S», is defined by taking the assimilated form of the underlying graph.

The graph I' is opuntoid if it has the idempotent, equality and assimilation properties and has no
non-trivial reduced lobe loops (equivalently, the lobe graph is a tree). A subopuntoid subgraph of an
opuntoid graph I" is a connected subgraph that is also opuntoid and formed by a collection of the lobes

of I'. An inverse automaton over the generators of S and S, that is closed, relative to (S} *.S,), is
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opuntoid if its underlying graph is opuntoid. A subautomaton is subopuntoid if its underlying graph is a
subopuntoid subgraph.

Let I" be an opuntoid graph. A vertex v € V(I") is a bud if it is not an intersection and there is a loop
v —/ vinT, for some f € E(U). We say that the opuntoid graph I is complete if it has no buds. An

opuntoid automaton over the generators of 1 and S5 is complete if its underlying graph is complete.

Lemma 4.16. Let % denote a cactoid inverse automaton over the generators of S| and S that
is closed, relative to (S1S,), and has the idempotent, equality and separation properties. Let
€ denote the assimilated form of %. Then € is opuntoid and B ~ </ (S| xy S, w) implies
C ~ o (S) %y S2,w).

Proof. Put = (a,T',B). Let n denote the V-equivalence generated by the related pairs of
all the intersections of I'. It follows from the discussion in Definition 4.15 that € = %#/n is
opuntoid. Suppose w’ € L[%’]. Then there exist paths x; —"1 yi, xo =2y, ..., x, =" y, in B,
where anxy, yxnxii1, for 1 <k <n-—1, y,np and the word wyws---w, is equal to w'. Put
yo = & and x,+1 = 3. For 0 <k <n, assuming y; # x;. 1, there is a path y, —% x| in A
where ay = wi(u™") -wa(u) or ay = wa(u™") -wi(u), for some u € U. Then we have w' > w” in
S1*y Sz, where w” = agwiaywaas -+ - wyay, € L[2)]. Thus, assuming & ~ o7 (81 *y Sz, w), we

have L[] C L[</ (S| *y S2,w)] and it follows that € ~~ o7 (S| *y Sz, w). O
The following generalises [1, Construction 5.1].

Construction 4.17. Let 2 be an opuntoid automaton that is closed, relative to (S} % S,). If v is a bud
of a lobe A;(v) of 2, where i € {1,2}, then, putting j = 3 — i, we form the automaton & from 2 by
sewing on at v the linear automaton of w;(f), for every f € E(U) that labels a loop at v in A;(v). In
Figure 6, the dashed arrows represent the linear automata that are sewed on at v and the dashed circle
represents the new lobe created. Let &” denote the closed form of &, relative to (S * S,). Let v/ be the
image of v in &. Then &” is obtained from & by closing A;(v'), relative to (S;). Let v be the image

of vin &’. Let 2’ be the quotient of &’ by the V-equivalence generated by the related pairs of v".

Lemma 4.18. Let 9 be an opuntoid automaton and let 9’ be obtained from 9 by an application of
Construction 4.17. Then 9’ is an opuntoid automaton and 9 is a subopuntoid subautomaton of 7.

Further, if 9 ~ </ (S1 *y Sz, w) then D' ~ o/ (S1 *y Sz, w).
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FIGURE 6. Construction 4.17 illustrated.

Proof. We adopt the notation of Construction 4.17. Put 7 = (o, T, B). Let ./ (w;(f)) denote the
linear automaton of w;(f), for f € E(U). Let ¢’ and 8’ denote the respective images of ¢ and 3
in &'. Let n denote the V-equivalence generated by the related pairs of v".

Ifw” e LI(V",A;(v"),v")] then w” > w' in S, for some w' € L[(V/,A;(V'),V')], by Result 2.12.
Now w' € L[IT}_, 7 (w;(f;))], for some f; € E(U), where f; labels a loop at v in A;(v). Thus
w' > fifa--- fuin S, where fi f>--- f, labels a loop at v in A;(v) and so f1 f> - - - f, labels a loop at
v in Aj(v"). It follows that A;(v") has the idempotent property. If we also have w” € U then
w’ > fifa- - fn implies that w' labels a loop at v in A;(v). Since 2 has the idempotent and equality
properties, it now follows that 2’ has the idempotent and equality properties.

Since Z has the assimilation property, if we have a path v —* v} in A;(v), for some u € U, then v;
cannot be an intersection. Thus &’ must have the separation property. Then 2’ is obtained from &’ by
assimilating the lobes containing v". Since < is opuntoid, it now follows that 2’ is opuntoid and Z is a
subopuntoid subautomaton of 2.

Suppose w' € L[2']. Then there exist paths x; —"1 y1, xp =2 y2, ..., x, =" y, in &', where
o'nxy, yinxis1, for 1 <k <n—1, y,np and the word wiw; - - -w,, is equal to w’. Put yo = & and
Xn+1 = B. Then, for 0 < k < n, we have either y; = x;. 1, in which case put b; = 1, or there is
a path y, —% x| in &' where by = wi(u™") - wy(u) or by = wo(u™") - wy (u), for some u € U.
Thus w' > zin S} *xy S, where z = bowibywabs - --wyb, € L[&”].

By Result 2.12, if z € L[&”] then z > 7/ in S} *S,, for some 7' € L[&]. If 7 ¢ L[] then we
have 7/ = yjaiwiaz---wy—1amys, for some y; € L[(a,T',v)], ax € L[(V/,A;(v'),V')], for all &,
wi € L[(v,I",v)], for all k, and y, € L[(v,T, B)]. Now ay € L[IT}_, </ (w;(f;))], for some f; € E(U),

where the f; label loops at v in A;(v) and are different for each k. Hence we have ay > g = fif2- - fn
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in §;, where g labels a loop at v in A;(v), for each k. It follows that 2’ > 7 in S} gy S, where

7' =y181w182 - Wim—18my2 € L[Z]. Hence we have z > 7" in Sy xy S», for some 7’ € L[9].
We have shown that if w' € L[] then we have w’ > 2" in S} *y S,, for some z” € L[Z]. Hence if

D ~ I (S1 *y Sz, w) then L[2'| C L[/ (S1 *y S2,w)] and s0 D' ~ o7 (S1 *y Sz, w). O

Lemma 4.19. Let & be an opuntoid automaton. Then we have a directed system of all automata
obtained from the automaton & by finite applications of Construction 4.17. The direct limit & is a
complete opuntoid automaton that is closed, relative to (S *y Sz). Thus if D ~» 7 (S| xy Sa,w) then

we have & = o7 (S| xy Sz, w).

Proof. Put 7 = (a;,I'1,B1). Let v and v, denote buds of I'j. Suppose % is obtained from &
applying Construction 4.17 at vy, for k = 1,2. We show that there is an automaton &5 that is obtained
from both & and %, by an application of Construction 4.17. By Lemma 4.18, the automaton & is a
subopuntoid subautomaton of %. Thus L[Z] C L[%], for k = 1,2. Since Z is embedded into Z,
we let v; and v, denote their images in Z.

Suppose we do not have a path v, —wil) v, in 9, for anyu € U andi € {1,2}. Then v, is a
bud of & and v; is a bud of %,. It follows that the automaton &3 obtained from &; by applying
Construction 4.17 at the bud v, is isomorphic to the automaton obtained from %, by applying
Construction 4.17 at the bud v;.

Suppose we have a path vi =" v, in 2, for some u € U and i € {1,2}. Then v and v,
belong to a lobe of & colored by i. Let A denote the lobe of &; containing v; and v, and colored
by j=3—i. Wehave z € L[(v{,A,vy)] ifand only if z > f1f2--- f, in S, for some f; € E(U) that
label loops at v in &, using workings similar to those in the proof of Lemma 4.18. We show
that z € L[(v2,A,v2)] if and only if we have z > g1g2--- g, in S}, for some g; € E(U) that label
loops at v, in 2. It will then follow that 21 = 9,. Suppose z € L[(v2,A,v;)]. Then uzu~! labels a
loop at vy in A and so uzu~ ! > f1fa- - fn, for some f; € E(U) that label loops at vy in 2. Thus
z>u fluu ' fou---u fu, where g = u™! fru € E(U) labels a loop at v, in 2. Conversely,
Suppose z > g182 -+ gn in S, for some g € E(U) that label loops at v, in 2. Then ugi gz -+ gt~ !

labels a loop at vy in A and so g1g> - - - g, labels a loop at v in A. Thus we have z € L[(v2,A,v2)].
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It now follows that conditions (A) and (B) of Result 3.2 are satisfied. We have a directed system of
all automata obtained from & by finite applications of Construction 4.17. Let & = (0,12, B,) be the
direct limit.

Let vi —" v, be a path in &, where (r,s) is a relation of Sy or S,. Let ap —%! v; and vo —%2 3, be
paths in &. There exists 2’ in the directed system for & such that z;rz; € L[Z'], by Result 3.2. Since
' is closed, relative to (S} xS3), we have z15z, € L[Z']. Thus z152; € L[&]. Hence & is closed,
relative to (S} %.S3).

Suppose we have a loop v —* vin &, where s € S; and i € {1,2}. Let o —" B be a path in ¥
and let oy —% v be a path in &. Then we have zsz~!'w € L[2'], for some 2 in the directed system
for &, by Result 3.2. Put 2’ = (a{,I'}, B{). Thus we have a path of —* V' and a loop v/ —* V' in &'
Since 2’ has the idempotent property, by Lemma 4.18, we have a loop v/ —¢ V' in &', for some
e € E(S;) with s > e. Thus we have a loop v —¢ v in &. Hence & has the idempotent property.

Suppose v is an intersection of & such that we have a loop v —wit) y, for some u € U
and i € {1,2}. Put j=3—i. Let oy —" B; be a path in Z and let ap —* v be a path in &.
Then we have z-w;(u) -z~ 'w € L[2'], for some 2’ in the directed system for &, by Result 3.2.
Put 7' = (a],T}, B!). Since w € L[2'], we must have a path o] —1/ and a loop v/ —"i) v/ in &',
If v/ is an intersection then we have a loop v/ —"i(*) V/, since 2’ has the equality property, by
Lemma 4.18. Otherwise, the vertex V' is a bud and we can obtain an automaton 2" from 2’ with the
equality property, by Construction 4.17, such that we have a loop v/ —"i(®) /' letting v/ denote the
image of v/ in 2”. Thus we have a loop v —"i(*) v in &. Hence & has the equality property.

Suppose v is an intersection of & and let (v, v,) denote a related pair of v, other than (v, v).
Let oy —" B be a path in & and let ap —° v be a path in &. We have paths v —swil) . and
v —"2(4) v, in &, for some u € U. Hence we have z-w (uu™') -wo(uu™") -z~ 'w € L[ 2], for some
automaton 2’ in the directed system for &, by Result 3.2. Put 2’ = (a,I"}, B{). Then we have
paths af =%V, v/ —swi(u) Vi and v/ —ywa(u) v in 2]. Since 2’ is opuntoid, with identified related
pairs, by Lemma 4.18, we must have v{ =v}. Thus v; = v, and so & has identified related pairs.

Suppose v is also an intersection of Aj(v) and A (v). Let v —*1 v3 be a path in A (v) and let
v —%2 y3 be a path in Ay(v), for some s; € S} and 5, € S». We have zslsz_lz_lw € L[2"], for some

automaton 2" in the directed system for &, by Result 3.2. Put 2" = (a{,T"{, B{'). Then we have
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paths o =*v", V" =51 V5 and v/ =2 in 2{. Thus (v§,V%) is a related pair of v/, since 2" has
the assimilation property, by Lemma 4.18. Hence (v3,v3) is a related pair of v and so & has the
assimilation property.

Suppose the lobe graph of & has a reduced lobe loop A1, Ay, ...,A, = Ay, for some n > 4. Then
the lobes Ay, Ay,...,A,_ are distinct. Let v; denote an intersection common to Ag and Ay 1,
for1 <k<n-—1.Putv, =vy. Letvy ="k v g beapathin Ay, q,for 1 <k <n—1.Letoy =" By
be a path in 2 and let a; —” v{ be a path in &. We have ywiwy ---w,_1y~'w € L[2'], for some
automaton 2’ in the directed system for &, by Result 3.2. Then the lobes of 2’ containing the loop
labeled by wiw; - - -w,_1 is a non-trivial reduced lobe loop and we have a contradiction, since &' is
opuntoid. Hence the lobe graph of & contains no non-trivial reduced lobe loops. We have now proved
that & is opuntoid.

Suppose v is a bud of & of a lobe A;(v), for some i € {1,2}. Let v —"i(/) v be a loop in A;(v), for
some f € E(U). Let ay —" By be a path in I'; and let o, —° v be a path in &. There is some 2’ in
the directed system such that z-w;(f) -z~ 'w € L[Z'], by Result 3.2. Put 2’ = (], T}, B]). Then we
have a path o] —?1/ and a loop v/ —"il/) v/ in &', where V' is a bud of 2. We can obtain an
automaton 2" from Z’, by an application of Construction 4.17, such that v is an intersection of 2",
letting v/ denote the image of v/ in 2”. We have a contradiction, since this implies v is an intersection.
Thus & is a complete opuntoid automaton.

Let v; —swi(u) v, be a path in &, for some u € U. Then we have a loop v; —ywi (™) vy in &, since
& is closed, relative to (S1). Since & is complete, the vertex v must be an intersection. Since & has

—1 . . .
")y, in &. We have a path v —swa(u) v in &, since

the equality property, we have a loop vi —"2
& is closed, relative to (S»). Then the assimilation property implies that v» = V5. Hence we have a path
Vi —sw2(u) v in &. Similarly, if we have path v, —sw2(u) vy in &, for some u € U, then we have a
path v; —sw2(u) v2. We have shown that & is closed, relative to (S| xy S2).

Finally, suppose that 2 ~~ o7 (S1 *y S2,w). Let w' € L[&]. Then there is some automaton 2’ in
the directed system with w' € L[Z'], by Result 3.2. By Lemma 4.18, we have 2’ ~~ o7 (S *y S2,w).
Thus w' € L[.«Z (S| *y S2,w)]. Then L[&] C L[« (S1 *y Sz, w)] and so & ~ o7 (S1 *y S2,w). Hence

we have & = o7 (S| *y Sz, w), by Result 2.9. O
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Algorithm 4.20. Given w in the generators of S; and S, the Schiitzenberger automaton of w,

relative to (S} xy S2), is constructed as follows:

(i) Construct o7 = 7 (81 *S2,w), by Construction 2.14. Then o7 is cactoid, has the idempotent
property and we have &7 ~~ o7 (S1 xy S, w).

(ii) The direct limit Z of the directed system of all automata obtained from <7, by finite
applications of Construction 4.5, is cactoid, has the idempotent and equality properties, has at
most as many lobes as 27 and we have % ~» o7 (S| *y Sz, w), by Lemma 4.6.

(iii) An application of Construction 4.12 to 98 results in an automaton %’ that is cactoid, has the
idempotent and equality properties, has fewer lobes than 2 and we have ' ~~ o7 (S1 *y S2,w),
by Lemma 4.13.

(iv) Steps (ii) and (iii) can be applied at most a finite number of times, since the initial automaton
has finite lobes. The resulting automaton % is cactoid, has the idempotent, equality and
separation properties and € ~ o7 (S| xy S, w).

(v) The assimilated form & of ¢’ is a finite-lobe opuntoid automaton and Z ~~ o7 (S1 xy S, w),
by Lemma 4.16.

(vi) The direct limit & of the directed system of all automata obtained from &, by finite applications
of Construction 4.17, is a complete opuntoid automaton and we have & = o7 (S| xy S»,w), by

Lemma 4.19.
The following generalises [1, Section 6].

Definition 4.21. Let I" be an opuntoid graph. Let A; and A; be adjacent lobes, colored by i € {1,2}
and j = 3 — i, respectively. Then A, feeds off A; if there is a common intersection v such that, for any
loop v — v in Ay, there is a loop v —/ v in Ay, for some f € E(U) withy > fin S;.

Suppose A; feeds of Ay and let v/ denote any intersection of A and A,. By the assimilation property,
we have a path v —"V/, for some u € U. If we have a loop v/ — V' in A; then we have a loop
y 0wy in Ay. Thus we have aloop v —/ v in Ay, for some f € E(U) withuyu=! > fin S;.
Hence we have a loop v/ T fuy i Ay, where y > u! Sfuin S;. Therefore, if A, feeds of A; then
for any loop v/ =¥ v/ in A; there is a loop v/ =& v/ in Ay, for some g € E(U) withy > g in S}, for

any intersection v of Ay and A,.
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For non-adjacent lobes A and A, of I', we say that A, feeds off A if there is a sequence of lobes
A1, A, ... Ay, where Agy g 1s adjacent to Ay and Ay feeds off Ay, for 1 <k <n—1.

Let I be a subopuntoid subgraph of I". A lobe of I" that does not belong to I is called external
to I'". An extremal lobe of I is a called a parasite if it feeds off the unique lobe of I to which it is
adjacent. The subgraph I is parasite-free if it has no parasites. The subgraph I is a host of T if it has
finitely many lobes, is parasite-free, and every lobe of I" that is external to I"” feeds off some lobe of T”.

A host of an opuntoid automaton is a host of its underlying graph.
Lemma 4.22. Every finite-lobe opuntoid graph has a host.

Proof. The proof follows from the properties of finite trees, since the lobe graph of an opuntoid graph

is a tree, and is similar to that of [1, Lemma 6.1]. [

Lemma 4.23. Let I" be an opuntoid graph. Then a host of I is a maximal parasite-free subopuntoid
subgraph. If I" has more than one host, then every host is a lobe of I. In addition, the unique reduced

lobe path between any two hosts consists entirely of lobes that are hosts.
Proof. The proof follows from the properties of finite trees and is similar to [1, Lemma 6.2]. [J

Lemma 4.24. Let 9 be a finite-lobe opuntoid automaton with a host ¥. If 2’ is obtained from 9 by

Construction 4.17 then X is also a host of 2.

Proof. We adopt the notation of Construction 4.17. The automaton & is embedded into &', from
Lemma 4.18. Let v/ denote its image in &’. From the proof of Lemma 4.18, for any loop v/ —Y V" in
A;(v") we have y > f in S}, for some f € E(U), where f labels a loop at v/ in A;(v"). Thus A;(v")
feeds off A;(v"). If A;(v") is a lobe of I then, since A;(v") feeds off A;(v"), it follows that X is a host
of 7'. Otherwise, the lobe A;(v") feeds off some lobe A of X. In which case, the lobe A (V") also
feeds off A and so X is a host of 2. 0J

Lemma 4.25. Let I be a complete opuntoid graph with a host X. Let I be a subopuntoid subgraph of
[ containing ¥ and let v € V(). Then the direct limit & of the directed system of all automata

obtained from (v,T",v), by finitely many applications of Construction 4.17, is isomorphic to (v,T',v).
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Proof. Ifvi € V(I'") is abud of A;(v;) in I, for i € {1,2}, then we can apply Construction 4.17
to (v, I, v), resulting in an automaton (v/,I"”,v"). Let v} denote the image of vy in I’ and put j =3 —i.
From Lemma 4.18, the automaton (v,I",v) is a subopuntoid subautomaton of (v, I"’,v/). From the
workings of Lemma 4.18, the language L[(v],A;(v}),v{)] consists of all words y such that y > f
in S}, for some f € E(U) labeling a loop vi —/ vy in A;(vy).

Since I is complete, there is a lobe A of I', colored by j, containing v;. Since the lobe graph
of I' is a tree and " contains the host X, the lobe A feeds off A;(v;). Since I has the equality
property, we then have L[(vi,A,vq)] = L[(v{,A;(v{),v])]. Since the lobes are deterministic, we have
(vi,A,v1) = (V],A;(V]), V). Thus (v, T”,V') is a subopuntoid subautomaton of (v,I",v).

Conversely, any lobe of I'\I"" that is adjacent to a lobe of I"" must feed off the lobe of I and so, by

the equality property, must share a vertex that is a bud of I, It now follows that & = (v,I',v). O

Theorem 4.26. Let U denote a lower bounded inverse subsemigroup of inverse semigroups S and S.

Then the Schiitzenberger automata of (S| xy Sa) are complete opuntoid with a host.

Proof. Steps (i), (ii), (iii), (iv), (v) of Algorithm 4.20 result in a finite-lobe opuntoid automaton &. By
Lemma 4.22, the automaton & has a host X. Then, by step (vi), the direct limit &” of the directed system
of all automata obtained from &, by finite applications of Construction 4.17, is complete opuntoid that
is closed, relative to (S *y S»).

The automaton & is embedded as a subopuntoid subautomaton into every automaton in the directed
system, by Lemma 4.18. Let A be a lobe of & that is not a lobe of Z. There is some automaton 2’ in
the directed system such that A is a lobe of 2. By Lemma 4.24, the subgraph X is a host of 2. Thus
A feeds off some lobe of X and so X is a host of &. Hence every Schiitzenberger automaton of S *i; S

is complete opuntoid with a host. 0J

Lemma 4.27. A host of <7 (S| xy S2,w) having more than one lobe is the assimilated form of the
(underlying graph of the) direct limit of the directed system of all obtained from <7 (S1 * Sy, w'), by
finite applications of Construction 4.5, for some word w'. A host of <7 (S1 *y Sa,w) with precisely one

lobe is isomorphic to a Schiitzenberger graph of (S1) or (S»).

Proof. From Corollary 4.14, there exists a word w’ such that w = w' in S} *y S, and the direct limit

2 of the directed system of all automata obtained from &/ = . (S x S»,w'), by finitely many
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applications of Construction 4.5, has the separation property, where .27 has at most as many lobes
as o/ (Sy *Sy,w). Put o = (a1,I'1,B1), B = (2,12, B) and then let Z = (4,14, Bs) denote the
assimilated form of Z.

If y1,6, € V(I'1) then we have (y,T'1,08;) = &7 (S *S2,w"), where w”’ 2w’ in Sy xy S,. From
Lemma 4.7, the direct limit of the directed system of all automata obtained from (7,11, 1), by
finite applications of Construction 4.5, is isomorphic to (2,12, ,), letting ¥ and &, denote the
respective images of ¥, and J; in I',. Thus, for the purpose of describing the hosts of o7 (S| xy Sz, w),
we can assume that o and f3; are any vertices of I'j. From Lemma 4.8, we can assume that the
homomorphism from .27 into %8 induces an isomorphism of the lobe trees. From Corollary 4.11, we can
assume that no application of Construction 4.9 can be applied to %, for any choice of o and f3,.

If T'4 has a parasite then there is an intersection v of I'y such that A;(v) is an extremal lobe, for some
i € {1,2}, and for any loop v — v in A;(v), there exists a loop v —/ v in A;(v), where f € E(U) and
y > fin S;. Let v/ denote the unique intersection of 4 that is a preimage of v and put j = 3 —i. Since
98 has the equality property, for any loop v —Y V' in A;(v/), there exists a loop v/ —/ 1/ in A;(v/),
where f € E(U) and y > f in S;. Thus we can apply Construction 4.9 to 4, a contradiction. Hence I'y
is parasite-free. Then, from the proof of Theorem 4.26, the graph Iy is a host of .27 (S| *xy Sz, w).

If 'y has precisely one lobe then I'y 2T, 2 T'} = ST(S;,s), for some s € S; and i € {1,2}.
Suppose A is a host of o7 (S} *y S»,w) that is adjacent to I'y. Let v be an intersection common to I’y
and A. We have (v,T'4,v) = o7 (S;,e), for some e € E(S;) and i € {1,2}. Since I'4 feeds off A, we
have e € E(U) and (v,A,v) = o7 (S;,e), where j = 3 — i. The unique reduced lobe path between any
two hosts consists of lobes that feed off each other, by Lemma 4.23. Thus if <7 (S %y S2, w) has more

than one host then every host is isomorphic to ST'(Sy, f) or ST(S2, f), for some f € E(U). O

We prove some results on homomorphisms of Schiitzenberger graphs.

Lemma 4.28. Let I" and I be complete opuntoid graphs that have hosts and let . be a host of T.

Then every homomorphism ¥ — I extends (uniquely) to a homomorphism T — T”.

Proof. Letv € V(X). The automaton (v,I,v) is the direct limit of the directed system of all automata

obtained from (v,X,v), by finitely many applications of Construction 4.17, by Lemma 4.25. If
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y € L[(v,T',v)] then y € L[(v,I”,v)] for some (v,["’,v) in the directed system for (v,I",v). From the
proof of Lemma 4.18, if y € L[(v,"”,v)] then y > z in S} *y S», for some z € L[(v,Z,v)].

Let y : ¥ — I" be a homomorphism and put v/ = (v)y. Then L[(v,X,v)] C L[(V',I",V')]. From

Lemma 4.19, (V/,T”,V) is closed, relative to (S; *y Sz). Thus L[(v,T',v)] C L[(V',T”,V')], by

Result 2.12. We have a homomorphism 7 : I' — I uniquely extending v, by Result 2.2. 0J

Corollary 4.29. Let T and T be complete opuntoid graphs that have hosts and let ¥ be any host of .

Then every isomorphism from ¥ onto some host of I extends (uniquely) to an isomorphism of T onto T
Proof. The proof is immediate from Lemma 4.28 0

Notation 4.30. Let I be an opuntoid graph. Then we let AUT (I") denote the automorphism group
and END(I") denote the endomorphism monoid of T

Lemma 4.31. If T is a finite-lobe opuntoid graph then the group AUT (T') is embedded into the

automorphism group of some lobe of T'.

Proof. The proof is similar to [2, Lemma 7]. An automorphism of I" induces an automorphism of
the lobe tree of I'. Every automorphism of a finite tree must stabilize some vertex. Thus every
automorphism of I must induce an automorphism of some lobe A. It follows that AUT (T') is

isomorphic to a subgroup of AUT (A). O

Lemma 4.32. Let I be a complete opuntoid graph that has a host. Let I be the subgraph that
consists of the lobes of every host of T. Then I is a subopuntoid subgraph of T and AUT (T') is
isomorphic to AUT (I). Thus if T has a finite number of hosts then AUT (') is embedded into the

automorphism group of some lobe.

Proof. The proof is similar to [2, Lemma 8]. If " has precisely one host then I is this host. If I has
more than one host then, by Lemma 4.23, every host is a lobe of I" and the unique reduced lobe
path between any two hosts consists entirely of lobes that are hosts. Thus I" is a subopuntoid
subgraph of I'. Since automorphisms of I' map hosts onto hosts, every automorphism of I" must
induce an automorphism of I'"". Thus we have a homomorphism from AUT (T') into AUT (I"'). Any
automorphism of I'"" extends uniquely to an automorphism of T, by Corollary 4.29. It follows that

AUT (T) 2 AUT (I"). The last statement is immediate from Lemma 4.31. O
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Lemma 4.33. Let I" be a finite-lobe opuntoid graph. If END(A) = AUT (A) for every lobe A of T
then END(T) = AUT (D).

Proof. The proof is by induction on the number of lobes of I" and is similar to that of [2, Lemma 9].
The result is immediately true if I" has two lobes. Assume the result is true for less than N lobes, for
some N > 2, and suppose I" has N lobes. The induction hypothesis implies that any endomorphism y;
of I' induces an automorphism Y of the lobe tree of I'. Since y> must have finite order, it follows that

| must be an automorphism. U

Notation 4.34. By Lemma 4.23, we can associate a number with an opuntoid graph I' that has a host,
by defining n(T") to be the number of lobes in any host. Either I" has one host, in which case n(T") > 1,
or every host of I" is a lobe, in which case n(I") = 1. If A is an extremal lobe of an opuntoid graph I’

then we let I"\ A denote the subopuntoid subgraph of I consisting of all the lobes of I", except for A.

Lemma 4.35. Suppose END(I") = AUT (T) for any finite-lobe opuntoid graph I or for any complete
opuntoid graph T with a host and n(I') = 1. Then END(I") = AUT (I") for any complete opuntoid

graph " with a host.

Proof. Let I' denote a complete opuntoid graph with a host X. The result is proved by induction on
n(I") and is similar to that given in [2, Proposition 1]. Assume that END(I') = AUT (') if n(I") <N,
for some N > 2.

Now suppose I is a complete opuntoid graph with a host X and n(I') = N. Let o« € END(T"). We
show that the map « induces an endomorphism 3 of X. Since X is a finite-lobe opuntoid graph, we will
have B € AUT (X). Since any two homomorphisms of a deterministic inverse word graph that agree on
a vertex are equal, the map o is then the unique automorphism of I" that extends 3, by Corollary 4.29.
Let £; denote the minimal subopuntoid subgraph of I" containing (X)c. Let X, denote the minimal
subopuntoid subgraph of I containing X and (X)cr. We suppose £; ¢ ¥ and reach a contradiction.

Suppose there are no lobes common to X and ;. Then X, is the union of X U and a reduced lobe
path from a lobe of X to a lobe of X;. Since X has at least two extremal lobes, there exists an extremal
lobe A of X that does not belong to X and is also extremal in .

Suppose there exist lobes that are common to X and X1. Then ¥, = X UZX. If every extremal lobe of

Y belongs to X; then the reduced lobe path between any two extremal lobes of X also belongs to X;. In
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which case, we have £ C Y. Since X has at most as many lobes as X, we would then have X =¥, a
contradiction. Thus there is an extremal lobe A of X that does not belong to X1 and is extremal in X,.

Now X\A and X, \A are both finite-lobe subopuntoid subgraphs of I'. Also the graphs £\ A and X;
are subopuntoid subgraphs of ¥\ A. By Lemma 4.22, every finite-lobe opuntoid graph has a host. Thus
let X3 denote a host of X\ A. Suppose A* is a lobe of X, \A that is not in X\A. Since X is a host of T,
there is a reduced lobe path A1, Ay, ..., A, = A* in ¥y, where A is the only lobe of ¥ and A feeds
off A, for all k. If A; = A then A would not be extremal in X, a contradiction. Thus A; is a lobe
of X\A. Since every lobe of X\A is in X3 or feeds off a lobe of X3, it follows that X5 is a host of X, \A.

We have a homomorphism £\A — X,\A induced by a. Let x denote any vertex of £,\A. From
Lemma 4.19, we have a directed system of all automata obtained from (x, X, \A, x) by finite applications
of Construction 4.17. The direct limit (x',I”,x’) is a complete opuntoid automaton and it follows, from
Lemma 4.24, that X3 is a host of I'”". The map I\A — X5\ A, induced by «, defines a homomorphism
Y3 — I that extends uniquely to an endomorphism f of I, by Lemma 4.28. Since X3 has fewer than
N lobes, the endomorphism 8 must be an automorphism, by the induction hypothesis. Thus o maps
X\ A isomorphically onto a subopuntoid subgraph of X;.

Let A’ denote the unique lobe of X that is adjacent to A. Since the map ¢ is one-one on X\ A, the
intersections common to A and A’ cannot be mapped to intersections of (X\A)c. Thus A cannot be
mapped, under @, into a lobe of (X\A)a. Therefore A is mapped, under ¢, into an extremal lobe A
of £1. Now A is external to (X3)a. Since X3 is mapped isomorphically, under f3, onto some host
of I, it follows that A; feeds off some lobe of (¥3)f. Thus A feeds off some lobe of (X3)cr. Hence
Ay must feed off the unique lobe (A")a of X} to which it is adjacent.

Let y be a vertex that is common to A and A". Then (y)cr is common to A; and (A)a. Let A and A
have color i € {1,2}. If we have a loop (y)a —* (y)a in A; then we have a loop (y)at —/ (y)«
in Ay, for some f € E(U) with s > fin S;. Since I has the equality property, we also have a loop
(v)a —7 (y)a in (A')a. Since B is an automorphism, we then have a loop y —/ y in A’. Again since
I has the equality property, we have a loop y —/ y in A. Then, since A is closed, relative to (S;), we
have a loop y —* y in A. It now follows that (y,A,y) = ((y)o, Ay, (y)@). We reach a contradiction,
since this implies that the extremal lobe A is a parasite of the host X. We conclude that ¥; C ¥ and the

proof of the lemma is complete. U
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Lemma 4.36. Suppose the host of every Schiitzenberger graph of (S| *y S») has lobes isomorphic to
Schiitzenberger graphs of (Sy) and (S3). Suppose END(T') = AUT (') for every Schiitzenberger
graph T of (S1 xy S2) with n(I') = 1. Then we have END(T") = AUT (T') for every Schiitzenberger
graph T of (S1 xuy S2).

Proof. Let I denote a Schiitzenberger graph of (S} xy S») with host X. The result is proved
by induction on n(I") and is similar to that of Lemma 4.35. Assume that END(I') = AUT (T)
if n(I") < N, for some N > 2. Adopt the notation of Lemma 4.35.

By assumption, the lobes of X are isomorphic to Schiitzenberger graphs of (S1) or (S,). It follows
that Y3 approximates a Schiitzenberger graph of (S xy S»). Hence I is a Schiitzenberger graph
of (S} %y S2), with host X3, by Algorithm 4.20 and Lemma 4.24. Then, by the induction hypothesis, the
endomorphism f : IV — I" is an automorphism. The proof that £; C X now follows as in Lemma 4.35.

By assumption, we have END(I'}) = AUT (I'y), for any Schiitzenberger graph I'j of (S} xy S2),
where any host has precisely one lobe. By Lemma 4.28, any endomorphism of a host extends to
an endomorphism of I';. Thus END(A*) = AUT (A*), for any Schiitzenberger graph A* of (S;)
or (S2). Now END(X) = AUT (X), by Lemma 4.33. The restriction of ¢ to X extends uniquely to an
automorphism of I', by Corollary 4.29. Hence a € AUT (I') and so END(I') =AUT(I'). O

Notation 4.37. As defined in [2, Section 4], for f,g € E(U), we write f <; g if fZh < g in S, for

some h € E(S;), for i = 1,2. Then let < denote the transitive closure of <; and <.

An inverse semigroup is completely semisimple if two distinct idempotents in any Z-class are not
comparable, under the natural partial order. From [2, Lemma 10], an inverse semigroup is completely
semisimple if and only if the endomorphism monoid and the automorphism group coincide, for every
Schiitzenberger automaton. The following result is true for any amalgamated free product S *g7 S2, not

just when U is lower bounded in S and S,.

Lemma 4.38. If S| xy S2 is completely semisimple then S| and S, are both completely semisimple

with < N =1C=< and < N =, C =<y, for any amalgam [Sy,S2;U| of inverse semigroups.

Proof. Since the semigroups S| and S, are embedded into S *g7 S7 they must be completely semisimple.

Let f,g € E(U) with f < g and f > g. Then there exist idempotents fi, f2,..., f, € E(U), for
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some n > 2, where f; = f, f, = g and f; <; fyr1, for some i € {1,2}, foreach 1 <k <n-—1.
Thus we have f; = sksk_1 and s,?lsk < fxa1 in S;, for some s € S; and some i € {1,2}. Also,
we have f,, = sns;1 and s;ls,, < f11in Sy, for some s, € S1. Putting t = 5153 - - - 5,15, We have
fle%tfflt < s;lsn < f1 in S; *y S2. Thus = s;lsn = f1, since S *y Sy is completely

semisimple. Hence f; Zf, in S;. Therefore < N >;C<. Similarly, we have < N >=,C<,. [

From Lemma 4.27, a host of a Schiitzenberger graph of (S} *y S») with precisely one lobe is

isomorphic to a Schiitzenberger graph of (S;) or (S>). The following result generalises [2, Theorem 4].

Theorem 4.39. Let U denote a lower bounded inverse subsemigroup of two completely semisimple
inverse semigroups S1 and Sy. Suppose the host of any Schiitzenberger graph of (S1 *y S»2) has lobes
isomorphic to Schiitzenberger graphs of (Sy) or (S2). Then Sy xy Sy is completely semisimple if and

onlyif <N >=1C<pand <N >=C<o.

Proof. If S| *y S> 1s completely semisimple then < N >;C < and < N >,C <>, by Lemma 4.38.
Suppose we have < N >=1C<; and < N =,C<,. We show that END(I') = AUT (T"), for any
Schiitzenberger graph I of (S| *y S») with n(I") = 1. Then we will have END(T") = AUT (T'), for
any Schiitzenberger graph I" of (S} *xy S»), by Lemma 4.36.

Let M denote a lobe of I" that is also a host. Let @ € END(T") and let M’ denote the lobe of I"
containing (M) . If M' = M then ¢ restricts to an endomorphism f3 on M. The lobe M is isomorphic
to a Schiitzenberger graph of (S) or (S,). Since S| and S, are completely semisimple, we then
have B € AUT (M). Then « is the unique automorphism of I" that extends 3, by Corollary 4.29.

Suppose M’ # M. There is a non-trivial reduced lobe path M = AW AQ) Al AR — g
in I'. Let v, denote some intersection common to A®) to A(kH), for1 <k<n-—1.Putv,=(v;)o.
Since M is a host of I, the lobe AR+ feeds off A(k), for 1 <k <n-—1.Letvy =% v, be apath
in AGHD for 1 <k <n—1.Let A1) and A™ be colored by i€ {1,2} and put j =3 —i. We have
(v, AN v)) 22 o7 (S;, e), for some e € E(S;), and we have a loop v, —¢ v, in A®).

Since A" feeds of A”~D | there is a loop v;—1 —J-1y, | in A for some fa-1 €E(U)
with f,_1 < sn_les;_ll in S;. Next, since A1) feeds of A=2)  there is a loop v,—» —In2y, 5
in A=Y for some f,» € E(U) with f,_ < sn_zfn_1s;_12 in §;. Continuing in this manner,

we obtain idempotents f1, f2,..., fu—2 € E(U) with fi < s fir 1sk_1 in the factor, S or S5, that
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sx belongs to, and so fk%fkskfk+1$fk+ls;]fksk < frr1, for 1 <k <n-—2. Also, we have
Jo 1 R frsn—1eLes,  fatsp—1 <e < fiin S;.

Now fi <j fo <i-++ <j fu—1 =i fi and so fi1 = fo =i = fu—1 =i f1, since <N =;C<;
and < N =;C<;. Then, for 1 <k <n-—2, we have fk.@sk_]fksk = fr+1 in the factor, S or S»,
that s; belongs to, and fn_l.@s;_llfn_ls,,_l =e=f] in S, since S| and S, are completely
semisimple. Since e = f; and A(?) feeds off Al), it follows that (vi,A®) v;) = o7(S;, f1)
and A? is also a host of T, Next, since ej(vz) = sl_lflsl = f> and AB) feeds off A, we
have (v2,A®) vy) = @7(S;, f>) and A®) is also a host of I'. We may continue in this manner
and thus obtain (v,_1,A" v, 1) = &7 (S;, fu_1) and A® is also a host of . It then follows
that e;(v,) = s;_llfn_lsn_l =e.

Hence « induces an isomorphism 3 from A onto A®_ Since any two homomorphisms of an
inverse word graph that agree on a vertex are equal, the map « is the unique automorphism of I" that

extends f3, by Corollary 4.29. Therefore END(I') = AUT ('), as required. O

Theorem 4.40. Let U denote a lower bounded inverse subsemigroup of finitely presented inverse
semigroups S and Sy. Then (S| xy S2) has decidable word problem if the following hold, where
(ii)-(vi) relate to Algorithm 4.20:

(i) The presentations (S1) and (S,) have decidable word problem.
(1) It is decidable whether or not Construction 4.5 needs to be applied and having decidable
language is preserved by this construction.
(ii1) Having decidable language is preserved by taking the direct limit of all automata obtained by
finitely many applications of Construction 4.5.
(iv) It is decidable whether or not Construction 4.12 needs to be applied and having decidable
language is preserved by this construction.
(v) Having decidable language is preserved by taking the assimilated form.
(vi) It is decidable whether or not any vertex is a bud, given a path from the initial root to the vertex,

and having decidable language is preserved by Construction 4.17.

Proof. Let w be a word where the subwords wy, alternate between a word over the generators of S; and
a word over the generators of S,. Condition (i) implies that <7 (S| * S», w) has decidable language, by

Result 2.17. Conditions (i)-(v) imply that steps (i)-(v) of Algorithm 4.20 result in a finite-lobe
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subopuntoid subautomaton (o, o, Bo) of <7 (S} *y S2,w), with decidable language. Let 7125 - - - z, be
a word, where the subwords z; alternate between a word over the generators of S| and a word over the
generators of S».

It is decidable whether or not the vertex g is an intersection, since S; and S, are finitely presented,
and it is decidable whether or not o is a bud, by condition (vi). If o is an intersection or a
non-intersection that is not a bud of Iy, then put (o, 1, B1) = (&, T, Po). If 0 is a bud of Ty then
we can apply Construction 4.17 to obtain an automaton (o, "1, B1), such that o is an intersection,
with decidable language, by condition (vii). By Lemmas 4.18 and 4.19, the automaton (;,I'1, 1) is
embedded into .27 (S| *y Sz, w) as a subopuntoid subautomaton.

Now (o,I'1, 0) has decidable language, since w € L[(a;,I'1, B1)]. Thus it is decidable whether
or not we have a path oy —*! v{ in I'}. If we do not have a path a; —*! v inI'| then 2125 -+ -z,
cannot be in L[.<7 (S *y S2,w)]. Suppose we have a path o; —! vy in T'j. It is decidable whether or
not vy 18 an intersection, since S; and S; are finitely presented, and it is decidable whether or not v is a
bud, from condition (vi). If v; is an intersection of I'y then put (o, I, o) = (0,1, B1). If vy is a
non-intersection that is not a bud of I'y then z;z; - - - 7, cannot be a word in L[.<7 (S| xy Sz, w)]. If vy is
a bud of I} then we can apply Construction 4.17 to obtain (ap,I2, 8;), such that the image of v is
an intersection, with decidable language, by condition (vi). Then (0,2, 3;) is embedded into
o/ (S *y S2,w) as a subopuntoid subautomaton, from Lemmas 4.18 and 4.19.

Now (0,1, o) has decidable language, since w € L[(@2,I%2, B2)]. Thus it is decidable whether
or not we have a path &y —*1%2 v, in I',. If we do not have a path oy —*1%2 v, in I, then 2125 -+ - 2,
cannot be in L[.</ (8] *y Sz, w)]. Suppose we have a path ap —%1%2 v, in I';. It is decidable whether or
not v; is an intersection, since S; and S5 are finitely presented, and it is decidable whether or not v, is a
bud, from condition (vi). If v; is an intersection of I", then put (03,173, 83) = (0,12, B2). If vo is a
non-intersection that is not a bud of I'; then z;z; - - - 7, cannot be a word in L[.<7 (S| xy Sz, w)]. If vy is
a bud of I"; then we can apply Construction 4.17 to obtain (3,13, B3), such that the image of v, is
an intersection, with decidable language, by condition (vii). Then (3,13, B3) is embedded into
o/ (S *y S2,w) as a subopuntoid subautomaton, from Lemmas 4.18 and 4.19.

We can continue in this manner. If we do not have a path oy —*1%2""% y; in 'y, for some k,

then z;z - - -z, cannot be a word in L[.<7 (S| *xy S2,w)]. Suppose we have a path o, —%1%2"% y,



38 PAUL BENNETT

inT,. Then 7125 -+ -z, is a word in L[.<7 (S1 *y S2,w)] if and only if v, = B, since (a;,, I, B,) is
embedded into <7 (S| *y S2,w). Thus, since L[(¢,, I, By)] is decidable, it is decidable whether or
not 712 - - -z, is a word in L[.o7 (S| *y S2,w)]. Hence the automaton <7 (S} *y S»,w) has decidable

language. Therefore, from Result 2.4, the word problem for (S} xy S») is decidable. UJ

Cherubini, Meakin and Piochi [7] proved that the amalgamated free product of finite (and finitely

presented) inverse semigroups has decidable word problem. The following overlaps with this result.

Corollary 4.41. Let [S1,S2;U| be an amalgam of inverse semigroups where S\ and S, have finite
presentations with decidable word problems and U is finite and lower bounded in S| and S>. Then

S1*xy S» has decidable word problem.

Proof. The result is proved by showing that conditions (i)-(vi) of Theorem 4.40 hold. Let
w = wiwj---wy be a word, where the wy, alternate between words over the generators of 1 and words
over the generators of Sp. Now &7 = (1,1, B1) = &/ (S| *S2,w) has decidable language. We have
paths o —"1"2""k v in o7, for 1 < k < n, where the vertices vy, vy, ...,V,_1 are the only possible
intersections of 7. Since we have a path o; —"1"2" "k v, the automaton (v, "1, ;) has decidable
language, for 1 <k <n— 1. Thus it is decidable whether or not w (f) or wy(f) labels a loop at vy,
for each of the finitely many f € E(U), for | <k <n— 1. Hence it is decidable whether or not
Construction 4.5 needs to be applied to .o7.

If Construction 4.5 is applied to .o then, by Results 2.5, 2.9 and 2.15, or using a proof similar to [I,
Lemma 2.2], the resulting automaton is an automaton of (S * S,), with decidable language. Since
E(U) is finite, there are finitely many automata in the directed system of all automata obtained from <7,
by finitely many applications of Construction 4.5. Hence the direct limit of this directed system is also
an automaton of (S x S,), with decidable language.

As we have paths oy —"1"2"" v, the automaton (v;,I'1,v¢) has decidable language, for
all 1 < j,k <n—1. Thus it is decidable whether or not w1 (1) or wo(u) labels a path from v; to vy,
for any of the finitely many u € U and 1 < j,k <n—1. Hence it is decidable whether or not
Construction 4.12 needs to be applied to 7. If Construction 4.12 is applied to .7 then, by Results 2.5,
2.9 and 2.15, or using a proof similar to [1, Lemma 3.6], it follows that the resulting automaton is an

automaton of (S; *S;), with decidable language.
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If Z= (0,12, [B) is the assimilated form of . then & = o7 /1, where 1 is the V-equivalence
generated by the related pairs. We have a path oy —° 3, in I'; if and only if there are paths
X1 =y, X0 22y, o Xy =y in T, where m > 1, aynxy, yinxo, «. ., Ym—1MN%m, ymM P1 and
2122+ --Zm = 2. In which case, a121a222 - - - mZmam+1 € L[27], where ay = (w1 (u)) ™" -wa(u) or
ar = (wa(u)) =" -wy(u), for some u € U, for each k. There are finitely many ways to write a given
word z as a concatenation 7127 - - - 2, and U is finite. Thus it is decidable whether or not a given word z
belongs to L[], by testing whether or not 121222 - - - dmzZmam+1 € L[], for the finitely many such
expressions, as above. Hence % has decidable language.

Given a path op —* v in 4, the automaton (v,I';,v) has decidable language. Since U is finite, it
is then decidable whether or not the vertex v is a bud. If v is a bud belonging to a lobe colored
by i € {1,2}, then Construction 4.17 can be performed by sewing on .7 (S;, f) at v, where f is the
least idempotent of E(U) labeling a loop at v, and assimilating the two lobes containing the image of v.
If y € L[(v,I'2,v) x @7(S}, f)] then y can be expressed as a concatenation of words alternating from
L{(v,T2,v)] and L[.27 (S}, f)]. Since (v,I2,v) and <7 (S}, f) have decidable languages and there are
finite ways to write a given word y as a concatenation of subwords, the automaton (v,I'>,v) x .7 (S}, f)
has decidable language. The automaton obtained by assimilating the two lobes containing the image of
v has decidable language, using a proof similar to that for the assimilated form. It follows that the

automaton resulting from Construction 4.17 has decidable language. ([
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