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Abstract: In this paper, we present some examples of left restriction semigroups embedded in the partial
transformation . Also, we compute and enumerates the congruence-class R and the semilattice of idempotents
Ey inherent in the examples generated.
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1. INTRODUCTION
Partial transformation semigroup £3Jy is a weakly left E-ample semigroup otherwise known as
Left restriction semigroup. The E refers to a particular semilattice refered to as partial identities
on X. o3 isa(2,1)-subalgebra of o3y where the unary operation
+:a—= ljoma
Let X be a non empty set, o3y contains a semilattice of idempotents
Ey = {I;;AS X}
Ey is the semilattice of idempotents, the partial identities.

1, is the identity map on A. A unary operation on 3y is defined by
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a+

= lgoma
foreach a € pJy. Let S be a semigroup of I, and let E be the set
E={l;€E;:Z=doma,forsomea €S}
93y is closed under *, o3y is a left restriction semigroup. The equivalence relation R on S is
defined by the rule that
aRbeoVeeE{ea=aseb=b}
For a,b € S,two elements a, b are Ry -related iff they have the same left identities in E. For
E = E(S), wedenote R; by R
Note R € Ry forany E. [3]
Equally, the relation R; on S is defined by the rule that for any a,b € S,
aR; biff Ve€E, ea=aiffeb=0»b
Left restriction semigroups form a variety of unary semigroups, that is, semigroups equipped
with an additional unary operation denoted by * . The identities that define a left restriction
semigroup S are:
ata=a,a*b* =b*a*,(a*b)* =a*b*,ab™ = (ab)*a
we put E={a*:a€S}
E is a semilattice known as the semilattice of projections of S. Dually, right restriction
semigroups form a variety of unary semigroups. In this case, the unary operation is denoted by *.
Left/Right restriction semigroup emanated from the study of Partial transformation monoids.
Suppose a weakly left E-adequate semigroup satisfies the left congruence condition with respect
to E, suppose that it also satisfies the left ample condition that foralla € Sande € S
ae = (ae)*a
if E=E (S),whereS isweakly left E-ample. Then, S denote a left restriction (formerly weakly
left E-ample) [2].

2. PRELIMINARIES

2.1 Green’s relation
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Green’s relation are five equivalence relations R, L, H,J D,that characterise the elements of a
semigroup in terms of principal ideals the generate. The relations are named for James Alexander
Green, who introduced them. John Mackintosh Howie, a prominent semigroup theorist,
remarked that on encountering a new semigroup, almost the first question one asks is ‘What are
the Greens relations like?’
For elements a and b of S, Green relations, £, R, 3 , H, D, are defined by
albiff Sa=S5b
aRbiff aS =bS
aJIbiff SaS =5bS
aHbiff alLband aRb
aDbiff thereexistsa cinSsuchthata Lcand cRb

That is, a and b are £ —related if they generate the same left ideal , R-related if they generate the
same right ideal and 3 —related if they generate the same two-sided ideal. These are equivalence
relations on S, so each of them yields a partition of S into.[4]
2.2 Left restriction semigroup
A semigroup S is left restriction with respectto E € E (S) if

I E is a subsemilattice of S

ii. Every element a € S is Ry -related to an element of E (denoted by a*)

iii.  Rgisaleft congruence

v, The left ample condition holds Va € Sand e € E,

ae = (ae)*a
Equivalently,

A semigroup S is a right restriction with respectto E = E (S) if

I E is a subsemilattice of S

ii. Every element a € S is L -related to an element of E (denoted by a*)

iii.  Lgisa left congruence

iv. The left ample condition holds Va € Sand e € E,
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ea = a(ea)*
2.3 Remark

Left restriction semigroups are algebra defined by the following identities

I (xy)z = x(yz)

ii. XxTx=x

. xtyt=ytxt

iv. (x*y)t =xtyt

V. xyt = (xy)*x

Vi. (a*)*=a*and (a)* = a*
2.4 Notation

These identities imply x*x* = x*, (x*)* =x™
Proof )T = (xtxH)T =)t =x1[2]
2.5 Raf-baduT program
Raf-baduT was designed to generate elements of partial transformation and has the features :

Order of the §3Jx;, elements position dropdown, View state, Three Representations :

Semigroup, notation and daga . The programme is designed for orders X=
{2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20} .After the examples were obtained, the
algebraic properties of left congruences of R, —classes and from their semilattices of

idempotents, the partial identities Ey were obtained.

3. MAIN RESULTS
3.1 Computing the congruence class Rg —class and partial identities E
I. $T(1,2,3; given by
S={AB,CD,F,GH,IJ K LM,N,O,P,QR,STU,V,WX,Y, A1,B1,C1,E}



a| 3| 3| 3| 3| 3| 3| 3| 3| 3| 3| 3| 3| a|3a|3a|l3a|l3a| 3|3a|3al3a|l3a|3al3a| 3| 3| 3| 3
3| M 1| 14 Cl H{ Ol n| 1|l ala| M| 10| Hl[ Y| O S| || 3| 1|3]|o|l clal1o|H|] L|TD
3 0] H|lTO| M| 1|l a|l L] H| o] O] ]| 19 Il sl al | M| cf3|H|3|a|d|o|1a] 1| n| 19
3| 4 a| O M| 1| a|l v| 9| of 9of 4| v IlW| alo| M| 4f3]a|l3ala|d]|9|1v] I| A| TV
al 4| 9| d Cl H]l O X| g 9| 9| 4 +A| H| 7| O N| ¢f 43| ga| 3ol |9 A|H[Mm| A
3l H cl 4] A X| M| 9| Ol H| | o 9| d] 9| N| 4] 7| X| c| 3|H|OD]| 43| 0| a| 9| X
3| af| 4 Cl dl M| X| o]l 9 al 41 9| H| A[ O | cf N[m] d[3]a|0| ]3] 9(H|[H| M
3l al 4| d| O Al v]| al 9| g 4| 9 v alW| M| ol Al 4| 3falalx|3] 9 1| 1| A
3l H cl Al 1o n| L] al of H| c] 0 rltal al s{a| o n|c|3afH|la|d[3a]l o 1| 1| n
3 N DY cltal L] n| of al 1|l al H]lT| o d| c] s| L] 3| 1|2 3] alH| H| L
3(19| 10| H Il al 1| H| L| n| 9| S Cl M| o M| ol al cfA|H| 13| 3|0 al|l s| of s
3| 10| 19 Il H| Ol H| 1| n| L| s| 4| cl M| clal o M|l 1t|H|3]|3|al ol Y| al o
3 M Il 1v| 4| a| o9of A 1| afla] M| O] alo| 9|W| 4| M| 3| 1|3|9|4la|] O] g Vv]|] O
3 cl H| A| 4| af o9of[m| H| o O] ¢| d| 9| N| 9| 7| 4] c|3|[H| 3|9 4]|0]| 4| 9| X| d
3l O 1v Il g 9] 9| | A V|W|Of M| 4| M| 4| a]l o Al 4] 1|a|l3]|3|lal 9]0 al o
A d| A| H| af| 9 gl H{m| X| 7| N el 4| ¢ 4] ol 9f cf 4| H| Q3| 3|02 9] N|] O N
3l wv| O] 4 il afl 1| gl v Al O|W]| 4| M| 4|9l al 4|x|laf 13|39 alN| 9] KN
3| Al d| a| H| O H| @ X| M| N| 7| 4 el 4] ¢l 9l o 4 cla|lH|3]| 3|9 o 71| 9 1
3| M I 3 > 3| o o alal | | 3| x| 3alal 3| xlaf)pafafajlal d| x| al
3 el H| H| 3| cf 3| H|[H|] O O] ¢ cl 3| ¢ 3| o 3| cf3|H|3|[3]|3]|o el cf 0 \
3| 3 3| x| | 1| al al 3| 3| 3| i I Ilalal | M| 13| 3al3alald|3 [ I O _
3| 3| 3 \ Cl H{ O O 3| 3| 3| H| H| H| Ol O | | H| 3| 3|3|o| 3] H|H| H| H
3| a| 4| 3| g 9| a| 3| o| g 4| 9| 9of 4| 3| 4| 3| 9| of 4| 3|l al 3| 3|3l 99| 3| o
al 4| ga| a| 3| 4 3| af| a| o o| 4| 4| 3| 4| 3| of 3| 4| 3flag| 3| 3a|l3a|lo| 4| 4| 9| 4
3 Il M| 3 il al | 3ajfafl x|l al a| M| 3| x| afalalx|3| | 3al3alal alal|l 3| a
3| H ] 3| H| O H| 3| Ol H| t] 2] O ¢l 3| c| 3| o]l ofc|3a|lu|l3a]lal3al o|lo] 3| o
3| 3| 3| 4| 4| 9| 9| 9f 3| 3| 3| a| g| g| 9| 9| 4| 4| 9| 3| 3|3|9o| 43| g| ga| a| g
3 Il M| 4w v Al o]l al 1| x| al g Oflo|of 4|WwW|[Vv|d|3|1]|9|4]3] a|lal| ga| v
Aol ta|lv| Al X[{m| Al n| L| s| d] O] dfo| N|W| A M| | 1|H]|D|4|a]|] o 9| V| -

"D 'd "F0IFYMOVL ANV ‘I "N 'FFI-ONOGISY "9 " "vMvanav
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Where
A=y 5 D Emwie=( 5 3)0=0 7 2) F=(G 5 )
=y = 1= 2 D63 Dx=G )
b=(3 2 )M=G g V=G5 Do=G 23 r=( 37
0=( ¢ Dr=G 2 D5=G 352 =G 7)v=0 3 )
v=Ga WG D) =G =G D= L)
G %

The R, —classes are :

Rs; ={A,P,Q,X}, Rc = {L,R,U,X},R, ={K,0,Q,R,S,C1},R; = {A,B,P,Q,X}, Ry = {C,L,R,U, X},
R, ={K,0,Q,C1}R, ={C,L,R,U,X},Rx ={K,0,Q,R,C1},and Ry =
{A,B,C,D,F,G,H,I,],K,L,M,N,O,P,Q,R,S,T,U,V,WX,Y,Al,Bl,Cl}

0. oTq234 - ={a,a%,B,y,y*, 0,0% ¢}

(%fifé) “Gasdr=GiyDeGirdes
(i%i;t) A O A G S N
* a B at y vt o o £
a | at y a ot o yt y £
B o I of £ £ o ot £
at | a | o at y vt o o £
y | v y % £ £ ot o £
YTy | e A Y A € € €
o | ot € o o o € £ £
ot | o | ot oF € € o o £
€ € € £ € € € £ £
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As S is closed under composition and *, Siis a (2,1)-subalgebra of 3T, ;3 4andso Sis
left restriction semigroup with distinguished semilattice.
={a*, By, 0%, e} [2]
The Ry —classesare: R, = { at,y*}, R, ={at,B,0%},R;+ ={a*,f}and R, =
{a*,B,y*, 0"}
iii. 9T(1234: S =(A,B,C,D,F,G H,1J],K,L,M,N,0,P,E}

WhereA=(ii“) (e =Giedo=0 12
PG 676y #=GT20 =G0 )
1=(ra D =G =G Ei)M=(i§if:),

N=(i§§if:) “GraP=Gha ) o=GiY)

The R, —classes are:
R,=R,=R,=R;={A,B},R;,={A,B,C,D,E,F,G,H,1,],K,L,M,N, O, P}
V. T 234y © S={AB,C,D,F,GH,I]KLMN,O,E}

where

A=y =G0 =G )r=G .y
P e 2 o322
G222 (22
V=23 D 0= 23 e 22 Y nmmrin

The Ry —classis : Rz ={A,B,C,D,E,F,G,H,I,],K,L,M,N,0}
V. 9T2345 - s={AB,C,D,E,F,G,H,1I],K,E}

=G s G iiade=C sy

e O e B L S
H=(2vad=G 2 D/=G 35053
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S R P

The R, —classes are:
Rz ={D,G,1,K}, R ={B,D,G,I,LK},R; =R; ={H,K}andR; = {A,B,C,D,E,F,G,H,1,],K}

Vi. 93112345 ¢S = {a,,a*,7,7%}

a= (12 345)p (12345, (12345

) E, = (B H,K,e)}

2x x 5 4 3x x 5 4 X x x 5 4
o229t

¥ at a B Tt T

at at a B Tt T

a T T Tt T Tt

T Tt Tt T Tt

Tt Tt T T Tt T

T T Tt Tt T Tt

As S is closed under composition and *, S is a (2,1)-subalgebra of 3,345 andso S
is left restriction semigroup with distinguished semilattice. E; = {t*,a™}
The R; —classesare: Ry = { at,a,B,}& {t+,7} [3]
Vil.9T(1 23456 - S={AB,C,D,E}
(123456 (123456 (123456
A_(z 4 3 x5 1)’3_(4 x3 x5 2)’6_(xx 3 x 54)’

Dz(alcazcg fc g?c)’sz(xlxzxgiiic

The Ry —classesare: R = {4,B}, R, ={A,B,C}and R, = {A,B,C,D}
Vill. 9T 23456}

s={A,B,CD,FGH,1I,KLMN,O,PQR,S, TUVWXYALB1C1D1,F1,G1,
H1,11,J1,K1,L1,M1,N1,01,P1,Q1,R1,E)}

1=Grasy P =lrsy a0 c=Grii D)

D=(orxrxs) T=loxrxn (e vy

e R e TR R PR G )

) E; ={C,D,E}
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123456)
X x x x 6 x/’°
123 456
xXx x 5 x x

(

123456 _
4xxxxx)M_
1 23456
x 56 x xx

(

)L

123456
X x5 xxx
123 456
5xx6 x x

(
(

K

)

)
123456

(

( ) P
123 456

). 0
123456

N

)

(
1 2 3 456

1 23 456
5 6 x x xx

(
(

). B1

U =

1 23 45 6)
6 5 x x x x

=

w

123456)

x x 4 x x x/’
1 2345 6
6 54 x x x

1 23 45 6 _

x65xxx)y_(
1 23456
5xxxx6)’C1

1 2 3 456 _
x5x6xx)’X_
1 2 3 456
3 x x x x x

(

)
)

(

(

(

(

Al =

123456

1 2 3 456
56xxxx)’G1 (xx3xxx

(

123456) F1
x 3 x x xx/ '

(

D1 =

)

1 2 3 456
X x x x 5 «x

) .1

1 23 456
5 4 6 x xx

(

Grriadn
( )
1 23456
4 x 5 x x x

H1 =

123456)

x x5 6 x«x
1 23 456
5 4 x 6 x x

(
) P1

12345 6y,

x 5 x x 6 x

(

123456 _
6 xx 5 xx

K1 =

)

(
1 23456

X X X X X X

(

1 23 456
X X x x x 5

(

01 =

)
)

(

E; ={5,G1,K1,E}

N1 =

)

) e=

(R1,B1,S"}

(A,B,C,D,E,F,GH,1I]J K, E}

1 2 3 4567
x 2 5 6 31 «x
1 2 3 4567
x 2 3 x5 x x
1 2 3 4567
x 25 7 3xx
1 23 4567
x 2 3 7 5x x

The R, —classes are:

Re

1 23 456
x 5 x x x 6

(

R1 =

1 23456

x 6 x 5 x x

Q1=

{B1,R1} and R,; =

Rg =

The R, —classes are :

.S =

iIX.$0T(12,3,4567)

),

1 2345 67

x 25 x 3x x
1 2345 67
x 23 x5 7 x

(

). €

1234567
x2315x«x
1234567
7 25 x 3x x

(

). B

(

A

),
),

(
1 2345 67

x 25 x 3 7 x

). G
). J

1 234567
X X X X X X X

(

). F
)1

{B.G,I,K} and

(

D

(
).E; ={D,E}

7 23 x 5xx

123456 7
(

(

(
(

H

&

K

(A,B,C,D,E,F,GH,1] K}

R; =
{A,B,C,D,F,G,H,E}

Rp =

{B’D’G’I’K}

S =

X. $T(1,2,3,4,5678)
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(1 2 3 45678 (1 23 4567 8
A_(34xx561x)’B_(xxxx563x)’
1 2345 67 8 1 2 3 4567 8
= D =
C(xxxx56xx)' (8xxx56xx)’
_ (1234567 8 (1 2345 67 8
F_(xxxx568x)’G_(x8xx56xx)’
1 2 3 4567 8 1 23 4567 8
(x8xx56xx)’g (xxxxxxxx)'s {C.E}
The R, —classesare: R. ={A,B,D,F,G,H}and Ry = {A,B,C,D,F,G,H,}
Xi'@T{1,2,3,4,5,6,7,8} :S:{A,B,C,D,F,G,H,I,],E}
(1 2 3 45678 (1 23 4567 8
A_(l42x56xx)’B_(1x4x56xx)’
c=(1 2345678y, (12345678
1 x x x 56 x x/' X x x x5 6 x x/
(1 234567 8 (1 2345 67 8
F_(Sxxx56xx)’G_(7xxx56xx)’
1 2 3 4567 8 1 2 3 4567 8
H = I =
(4xxx56xx) (3 xxx56xx)'
(123 4567 8
]_(2 X X x 56x x)

82(1 234567 8),ES:{A,C,D,S}

X X X X X X X X
The R; —classesare: R ={A,B} ,Rr =R, =R; =R, =R, ={A,B,C}andR; =
{AIBICIDIFIGIHIII_]}
Xii.pT{1,2'3,4,5,6'7'8} S = {A, B, C,D, F, G,H, I,_], E}
(1 2 3 45678 1234567 8
A= ) B=( )

3 x4 571xx 4 x5 7x3x x
c=(5 55550 e=G 2200
S N R G
(e G N A R )
I RTINS G §
RN R G|

10
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v ST 0 ( 2 S e (2320 )

1 23 4567 8
= E. =
E(xxxxxxxx) s =18
The R, —classis: R;={A,B,C,D,F,G,H,1,],K,L,M,N,O,P}
Xill. 9T423456789 -5={AB,CD,F,GH,I]J, E} 10 elements

A=(1 2 3 456 789)’B=(12345678 9)’

2 x 6 15 x7 8x x x x 2 5x7 8 x
(1 2345 6789 1 2 3 4567 8 9
C_(xxxx5x78x)'D (9xxx5x78x)’
1234567 89 1 2345 67829
F= =
(xxx95x78x)’G (x9xx5x78x)’
1 2 3 45678 9 1 2 3 45678 9
H = I =
(x9xx5x78x)’ (6xxx5x78x)’
12345678 9
]_(xxx65x78 x)
Esz{C}

The R, —classis: R;={A,B,C,D,F,G,H,1,]}
xiv. pT{1,2,3,4,5,6,7,8,9,10} :S= {A! B,C,D,F,G,H,1,],K,L, E}

A=(12345678910),B=(12345678910),
9 x 4 5178 x 2 x 2x5 198x x x x
b= o2 ) =G el
G:(IZ345678910)’1_]:(12345678910),
10 x x x x x xxx X xx x x 10 x x x x x
I=(12345678910)]=(12345678910)’
x x x 10 x x x x x Xx xx 10 x x x x x x x
1 2345 67 89 10
KZ(xlexxxxxx x)’L:
(12345678910)
xXx x x x x x x 10 x
52(12345678910)
X X X X X X X X X X
E; ={E}

The R; —classis : Ry = {4,B,C,D,F,G H,1J,K,L}
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CONCLUSION
This work extends [1] where some left restriction semigroups embedded in partial transformation
O3y {X = 1,2,3,45,6,7,8,9,10} were computed ,in here, their left congruence- classes in the

form of R, —class and partial identities E; have been computed.
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