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Abstract. Heteroskedasticity occurs when the variance of a time series fluctuates. This alters the distribution
and modeling of the series. Volatility models such as GARCH and ARCH have demonstrated insufficiency in
modeling such series. The shortcomings of the models have led to the development of regime-switching volatility
models, which have demonstrated efficacy in modeling such series. Markov switching volatility models exhibit
greater efficiency by integrating regime dependencies in the modeling of regime transitions. Nevertheless, the
models depend on precise identification and modeling of the fundamental Markov chain that governs the variance
regimes. The maximum likelihood estimation (MLE) and expectation maximization (EM) have been used before to
model the hidden Markov regimes of such series. This study presents an alternative approach for modeling Hidden
Markov Models (HMM) through the Large Deviation Principle (LDP). The approach employed LDP to ascertain
variance regimes and MLE to estimate HMM parameters. The Viterbi algorithm decodes the series’ variance
regimes after estimating the model parameters. We juxtaposed the model results with those of the Expectation
Maximization Hidden Markov Model (EM-HMM). The two methods yielded nearly identical sets of variance

regimes for heteroscedastic time series, as demonstrated by the simulations and the gold price data. We determined
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that the model surpassed the EM algorithm in discerning the number of underlying variance regimes. The approach
was more effective for modeling the underlying variance regimes when the EM algorithm did not converge. It also
proved more effective for modeling the fundamental variance regimes relative to a benchmark variance.
Keywords: heteroscedasticity; variance regime; hidden Markov model; large deviation principle; regime switch-
ing; Viterbi algorithm.

2020 AMS Subject Classification: 62M05, 62M10, 60F10.

1. INTRODUCTION

Structural breaks in a time series occur when a policy change or other random factors within
the series environment induce alterations in the series’ parameters, such as the mean and vari-
ance [1].

The breaks adversely impact the modeling of the series by inducing non-stationarity through
alterations in its moments. Accurate incorporation of structural breaks is essential for the proper
modeling of time series. Moreover, if the forecasting model does not account for the disruptions
that arise during the forecasting period, it may undermine the accuracy of the forecast [2].
Variance breaks specifically induce heteroscedasticity in time series data, thereby impacting
the modeling of these series. Researchers have developed volatility models, such as ARCH
and GARCH, to model heteroscedastic time series [3, 4, 5]. Nevertheless, for series exhibiting
variance breaks, these models have proven inadequate because they tend to overestimate or
occasionally underestimate the volatility of the series due to enduring effects. This impacts the
precision of the model’s estimations and predictions [6, 7, 8].

Due to the inadequacy of these volatility models, regime change volatility models, mixture
volatility models, and Markov switching volatility models, such as the Markov switching
GARCH and ARCH models, were developed. These models have demonstrated superior ef-
ficacy in modeling series with variance breaks compared to single regime volatility models over
the years [9, 10, 11].

In most time series data exhibiting variance breaks, it is widely recognized that the variance
regimes are interdependent rather than independent. Consequently, the Markov switching
regimes, as opposed to the independent mixture model regimes, offer the most appropriate

method for capturing this dependency. This has resulted in increased popularity of Markov
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switching regime models for time series analysis with variance breaks, in contrast to indepen-
dent mixture models [12, 13, 14].

The accuracy of the models depends on the exact representation of the underlying variance
regimes within the series. This entails precise identification of the parameters of the founda-
tional Markov model and the correct categorization of the series observations into the appropri-
ate variance regime [15, 16].

The undelying variance regimes and the series observations constitute a Hidden Markov Model
(HMM), wherein the concealed states represent the underlying variance regimes and the emit-
ted/observed states correspond to the series observations. The precision of the Markov switch-
ing model depends not only on the accurate representation of the underlying Markov states for
variance regimes but also on the thorough modeling of the hidden Markov model [15, 16].
Researchers have devised multiple techniques to model the Hidden Markov Model (HMM),
including the Expectation Maximization (EM) method, which optimally aligns the HMM to
categorize each sequential observation within the regime of maximum likelihood. The method
estimates the model parameters while ensuring the classification of observations into states
with the highest probability of occurrence [17, 18]. Another technique employed in HMM
modeling is maximum likelihood estimation, which guarantees that the parameter estimates of
the HMM are obtained from those with the highest probability of occurrence, thus maximizing
the likelihood function [15, 16].

Although the MLE and EM algorithm techniques excel in modeling HMM, their main emphasis
is not on capturing the variance regimes of the series, but rather on modeling the regimes that
maximize likelihood probability or the probability of an observation belonging to a designated
regime. At times, the user’s judgment dictates the number of regimes to which the series is
assigned, rather than any computational criterion. Consequently, it was essential to devise a
technique that concentrated on the HMM of the variance regimes for the time series, while also
possessing the ability to objectively ascertain the number of variance regimes for classification
of the series. This study presents a novel approach to modeling the variance regimes of time
series by initially identifying them through LDP and subsequently employing HMM to model

the observed series in conjunction with the identified underlying variance regimes.
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1.1. Large Deviation Theory. Large Deviation Theory is a mathematical theory that focuses
on the examination and exploration of infrequent occurrences or events that occur at the ex-
treme ends of probability distributions [19]. The theory primarily focuses on the analysis of the
probability of the data distribution deviating from the normal distribution and the occurrence
of specific rare events. Throughout the years, the theory has found applications in various dis-
ciplines such as finance, insurance, queuing concepts, health, mathematical modeling, physics,
and engineering, among others [20, 21].

The law of large numbers asserts that as the sample size expands, the sample mean will ap-
proach the true population mean. The central limit theorem posits that with a sufficiently large
sample size, the distribution of sample means will approximate a normal distribution. The large
deviation theory differs marginally from these two theories by concentrating on substantial de-
viations in the sample mean that are markedly distant from the true population mean. The
theory primarily concentrates on controlling the rate at which the probability of observing such
deviations escalates or diminishes as the sample size increases. The theory centers on estab-
lishing a core principle through partial sums, guaranteeing a swift reduction in the likelihood of
diverging from the true mean as the sample size expands. This principle is commonly known

as the Large Deviation Principle [22].

1.1.1. Large Deviation Principle. Consider a random variable S, = X; +X> + X3+ ...+ X,, for
{X }n>1 with a probability density function denoted as f(S,). The random variable S, is said to

satisfy the large deviation principle if there exists a limit

(1) lim L £(5,, = ) = ~1(s)

n—oo

where I(s) is the rate function which is non-negative and not everywhere zero.

When the random variable S, satisfies the large deviation theory, then
2) f(Sn=s5) ~exp(—nl(s))

This is because

f(Sy=s)=exp(—nl(s)+e(n))



HIDDEN MARKOV MODELLING OF VARIANCE REGIMES 5

where e(n) is the correction term. Hence, when we take the limits as n — oo

lim —%f(Sn:s) =1I(s)— lim eln) =1(s)

n—oo n—oo

Hence, Equation 2 demonstrates that the large deviation principle establishes the boundary for
preserving the predominant exponential term f(S, = s) while disregarding any additional sub-

exponential terms [23, 22, 24].

1.1.2. Determination of Rate Function. [25] [25] states that the primary element of the LDP
is the identification of a suitable rate function /(s) that fulfills the LDP. Several methodologies

have been devised to ascertain the rate function /(s). This encompasses;

(1) Direct Method - It involves the determination of the probability density function for
the random variable S, and then proving that it is in the form of the LDP.

(2) Indirect Method - It involves the calculation of another function which is a function of
the random variable S,, whose properties can be used in concluding that S, satisfy the
LDP.

One of the techniques in this class that has been developed for deriving the rate function

is the Gartner-Ellis Theorem. The theorem involves the calculation of the function

3) A(k) = lim 1lnE(exp (nkSy))

n—oon
which is known as the scaled cumulant generating function. According to the theorem,

if Equation 3 is differentiable with respect to k then S, satisfy the LDP and the rate

function is given by
) I(s) = sup(ks — A (k))

(3) Contraction Method - The method involves relating the random variable S, to another
random variable which is known to satisfy an LDP and then derive from this the LDP

for S,,. The principle for doing this is known as The Contraction Principle.

1.2. Markov Process. Consider a random variable {Z(¢),7 > 0} that varies with the index
t € T, where t denotes time. The random variable Z(¢) is referred to as a stochastic process in

this context [26].
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The state space of the random variable Z(¢) comprises all potential values that Z(¢) may assume,
denoted by the set S = 0,1,2,3,.... If the transition probability of the random variable Z(¢)
to state j is exclusively dictated by the current state i and is unaffected by prior states, then
Z(t) is characterized by the Markovian property and is consequently classified as a Markov
process [27, 28].

The one-step transition probability, represented as p;;, indicates the likelihood of moving from
state i to state j in a Markov process Z(¢). This indicates the likelihood of moving from state
i to state j in one step. The process Z(¢) generally possesses a one-step transition probability
matrix P that consolidates the transition probabilities to all states. All elements in matrix P are
generally non-negative and possess a maximum value of 1. The aggregate of the values in each
row of the matrix generally totals 1 [29].

Markov processes have recently gained prominence across diverse application domains, espe-
cially in forecasting and predictive modeling. These processes are especially advantageous in
scenarios where forthcoming observations are significantly affected by the present condition,
rather than by occurrences from the remote past. The method has been employed in diverse
applications including time series forecasting, market trend analysis, digital imaging, speech
signal processing, and queueing processes, among others. The process has enabled the clas-
sification of real-world events into interconnected states, allowing for the assessment of the
probability of transitioning between these states. As a result, predicting and forecasting has

become more straightforward [30].

1.3. Hidden Markov Model. Examine a stochastic process represented by X (). A process
X (¢) is designated as a Hidden Markov Model (HMM) if its generating distribution is contin-
gent upon the states of an unobserved Markov process. The concealed process that produces
X (¢) is defined by a Markov process with latent states that conform to the Markovian property.
The process X (¢) transitions between hidden states, governed by a transition matrix, akin to a
conventional Markov chain. The observed values of the process X(¢) are termed the emission
states and are linked to the latent states of the process via an emission matrix. The concealed

states of the process X (1) demonstrate correlation with one another [31].
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Acoording to [15] [15], a hidden Markov process is governed by three key distributions.

(1) Initial Distribution - This illustrates the allocation of the initial concealed states of
the process. The distribution is sometimes presumed to be stationary or non-stationary.
Generally, the concealed states are discrete, thus the initial distribution is frequently
depicted by probability mass functions such as Bernoulli, Multinomial, Binomial, and
Poisson.

(2) Transition Distribution - This distribution signifies the transition among various con-
cealed states of the process. When the hidden states are discrete, the transition distribu-
tion constitutes a probability mass function.

(3) Emission Distribution - This illustrates the distribution of the observed states of the
process, considering the hidden states. The distribution offers the conditional proba-
bility of observing a specific value of the process, contingent upon its presence in a
designated hidden state. The distribution depends on the type of observed variable. If
the observed variable is continuous, its distribution is characterized by a probability
density function. Nonetheless, if the variable is discrete or categorical, its distribution

is depicted by a probability mass function.

2. METHODOLOGY

2.1. Large Deviation Principle. Consider X (¢) as a time series variable that follows a normal
distribution with a mean of y, and a variance of 6. Let us examine a subtime interval 5t € N*
and 1 < 8¢ <t where ¢ is greater than 2. The subsection variance V (8¢) in the sub-time interval

ot is defined as

Z(Xét _X_St)z

5) V(o) ===

where Xj, is the average value of the series at a specific sub time interval &t.

Consider the subsections standardized variance v, which compares the subsection variance
V(8t) and the series variance ¢/ defined as

(8t — 1)V (5t)

Vér —
o7
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We aim to estimate the probability Pr(vg, > a), where a is a fixed threshold for the standardised

variance vg,. The probability can be evaluated via the LDP function in the following manner
Pr(vs; > a) = exp(—68t(I(a)))

where I(a) represents the rate function. The rate function I(a) was obtained through the use of
the Gartner Ellis theorem.
Using the approximated probability, a significance level o the study used indicator variable

I,(61) to identify sections of variance variations.

0 Pr(vg; >a) > o
Ip(1) =
1 Pr(vg; >a) < a
The value of [,(6¢) = 1, when the series X (¢) undergoes a variance change in subsection 0t

and I,(8t) = 0, provided the series does not undergo a change variance of magnitude a in the

sub-time interval O¢.

2.2. Hidden Markov Model. After identifying the m variance phases of the series resulting
from the variance alteration, the Hidden Markov Model (HMM) is utilized to model the time
series X (7).

Examine a time series model X (#) comprising m phases. Let S = {1,2,3,...,m} represent the
set of all potential phases of the series. The transition of the series across various states in-
fluences the value of the series X (¢) at time ¢. Consequently, the Markov Model is employed
to represent the variance phases of the series as hidden or unobserved states, whereas the ac-
tual values of the series X (7) are modeled as the emission states of the Hidden Markov Model

(HMM).

2.2.1. Initial Distribution. Tt is assumed that the time series X (¢) comprises m phases, re-
garded as the hidden states of the Hidden Markov Model (HMM), and these phases are pre-
sumed to be discrete due to the anticipated countable number of interruptions in the series X (7).
The initial distribution 7;(1) defines the probability distribution of each variance phase of the

series X (¢) at time 7 = 1.
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2.2.2. Transition Distribution. Let Z(t) represent a random variable indicating the phase of
the series X (¢) at time ¢, where Z(¢) assumes values from the set {1,2,...,m}. The distribution
of Z(¢)|Z(t — 1) is presumed to follow a multinomial distribution with a transition probability

consistent with the Markov property such that
(6) Pr(Z(1)|Z(1),2(2),Z(3),....Z(t = 1)) = Pr(Z(t)|Z(t - 1)).

The assumption of a multinomial distribution is predicated on the existence of m distinct and
non-overlapping phases in the series, which are considered countable.

The transition probabilities among phases in the series are consolidated into a matrix P, known
as the transition probability matrix. The elements p;; denote the probability of transitioning

from phase i to phase j in a single step at any specified time ¢. Each row of matrix P sums to 1.

2.2.3. Emission Distribution. The output values of the Hidden Markov Model (HMM) cor-
respond to the values of the time series X (¢) at a specific time ¢, which is contingent upon the
variance regimes at that time Z(¢). The probability distribution of the random variable X (¢)|Z(t)

is presumed to be approximately normal, characterized by a mean L; and a variance 61-2.

3. MATHEMATICAL MODELLING

3.1. Large Deviation Principle For Subsection Variance Break. Examine the time series
X (t) fort > 0. The series is divided into equal segments of size 6z, where 67 > 10, and the total
number of segments is no more than 30. If the series X (z) comprises 7 time points, then % <30.
The subsection size 0t is established at a minimum of 10, as a sample size below this threshold
renders the variance less dependable due to its heightened sensitivity to outliers. Small data sets
are characterized by a less symmetrical distribution, resulting in skewness that impacts variance
estimation [32]. The limit of 30 subsections is established to avert an excessive quantity, as a
sample size exceeding 30 is deemed substantial. Each subsection 0t is represented by its local
variance, denoted as V(8¢). Our objective is to compare the variance of each subsection with
that of the overall series.

Denote the variance of the complete series as 0,2 at time ¢ > 0. In a homoscedastic series, the
variance of each subsection V(6¢) is expected to be uniform with the variance of the entire

series. If heteroscedasticity is present, the variance of each subsection will differ from the
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overall series variance. Define vg; = (at%)zv(&) as the ratio of the subsection variance to the
t

total variance of the series.

Let a denote a positive threshold for the variance ratio to indicate a significant disparity between
the subsection variance and the overall series variance. Our objective is to obtain an accurate
estimate of Pr(vs, > a) to determine whether the variance of the subsection significantly dif-
fers from the variance of the series. The LDP rate function for estimating Pr(vs, > a) was

established by [33] [33] to be expressed by Equation 7;

a 1 1 ot

(7 I(G)ZE—EJFEIH(Q)

The full derivation of this rate function can be obtained in [33] and also shown in appendix A.
The rate function is also established to be able to estimate Pr(a < vg,) for the threshold value

a <vg;, where a > 0 [33].

3.2. Variance Classification Rule. Consider a series X (¢), a significance level o = 0.001,
a rate function /(a) defined in Equation 7, a local subsection size 0t, a local series variance
V(8t), and a standardized local series variance vg,. If the LDP probability, as determined by the
rate function /(a), is lower than the threshold & = 0.001, and the local standardized variance
vs; is less than the subsection size dt, then the series X () is deemed to significantly decrease
variance from moderate or normal levels to a substantially lower level. On the other hand, if the
LDP probability is lower than o = 0.001 and the standardized local variance vg; is greater than
the subsection size 61, the series X (¢) is considered to exhibit a significant increase in variance.
This can be represented using the indicator function I(V (0t)) as follows [34]:

(

—1 if Pr(vsg;>a)<o and vg <Ot

(®) I(V(61)) =<0 if Pr(vs,>a)>a

1 if Pr(vg>a)<oa and vg > Ot

\
The value /(V(8¢)) = —1 indicates a considerably low variance, /(V (3t)) = 0 indicates normal

or average variance, and I(V(6¢)) = 1 indicates a very high variance.

3.3. Definition of the Hidden Markov Model.
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3.3.1. Hidden Layer. Let X(t) represent a multiphased time series characterized by variance
phases as illustrated by the LDP defined in the previous section. Let the stochastic process
Z(t) represent the underlying variance regime of the series X () at time r > 0. Z(¢) can take on
the values 1, ...,m, with each value representing the corresponding variance regime of the series
X (r) at time r. Assuming the variance regimes serve as the underlying hidden states of the series

X (1), we posit that the process Z(t) adheres to the Markov property such that
9 Pr(Z(1)|z(1),2(2),Z(3),....Z(t = 1)) = Pr(Z(1)|Z(t — 1))

3.3.2. Transition, Initial and Stationary Distribution of Z(t). The aggregated one-step chance
of transition of the process Z () between the m states is given by the transition probability matrix

P where

Pt - Pim

Pm1 .-+ Pmm
and p;; > 0 denotes the probability of the transition from state i € m to j € m in a single step.
The process Z(t) in this case is considered to be a Markov process with transition probability
matrix P.
At time ¢ = 1, the process Z(t) is assumed to be multinomial distributed with probability mass

function

1!
Zi0 Zom]
fZz)=¢ "
0 otherwise

Z Z
mtm

i=1,....m

where Z; is the number of times the series is in state i and 7; is the probability that the series is
in state i at time r = 1. Assuming that the process Z(¢) homogenous, the probability of the series
transitioning to a given states at time ¢ > 0 is given by the ¢ step transition matrix P'. Hence,

the distribution of the series at time ¢ > 0 will be given by
(10) n(t) =m(1)P!

where 7(¢) is 1 x m vector of probabilities, showing the distribution of the process Z(z) at time
t >0. (1) is 1 x m vector of probabilities, showing the initial distribution of the process Z(t)

attime t = 1 and P'~! is the t — 1 steps transition probability matrix for the process Z(t).
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At some point t* > 0, the process will be assumed to attain a stationary distribution 7 such that
(11) Pl =g

At this point (¢*) the process Z(t) is considered to be a stationary process.
Let P be the one step transition probability matrix for the m state hidden layer Z(¢) of the hidden
markov model X (¢), where each entry p;; represents the probability of moving from state i to

state j in a single step

P11 P12 --- DPim
p— P21 P22 ... DP2m
Pmli Pm2 --- Pmm

The entries satisfy 0 < p;; < 1 and Z’}Zl pij = 1 for each i.

Let w = (my,..., ;) be the stationary distribution vector, where 7; represents the long-term
probability of being in state i. The vector 7 is required to be such that 7P = wand }.;" | m; = 1.
In order to determine the values of 7 that satisfy these properties, the following computation
was done on the transition matrix P to determine the required values of 7.

The first property of 7 requires that 7P = 7. This can be expanded as

T =mpi+mp21+ -+ TuPmi

T =mpr2t+mppn+-+Tnpm

Tm = T Pim+ T2P2m+ -+ TmPmm-
This can be written in matrix form,as
(12) n(P—1)=0,

where / is an m X m identity matrix. The equation 12 represents a homogeneous system of linear

equations
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(pu—)m+pum+-+pmfy =0

piami+ (p—1)m~+-+ pmfy =0

PimTi + pomM+ -+ (Pmm — 1) Wy = 0.

To obtain a unique solution for these systems of linear equations we add the normalization

condition based on the second property of 7 such that

m
ZTC,' =1.
i=1

This gives us an augmented system

T 0
P—1 m| 0

1 1 1 B
T 1

Solving this system of linear equations using row reduction will yield the stationary distribution

vector T = (T, My, ..., Tp).

3.3.3. Emission Layer. The process X () is considered as a hidden markov process with hid-
den states Z(z) at time ¢ > 0. It follows that the distribution of X (¢) at time ¢t > 0 depends on the

state Z(r) at time 7 > 0 such that
(13) Pr(X(t)|X(1),...X(t—1),Z(1),....,.Z(t)) = Pr(X(¢)|Z(1))

Given that the series X (¢) is a continuous series. In each of the states i = 1,...,m, the series X ()
is assumed to be normally distributed with mean g; and variance 6. Therefore, if f;(x) denotes

the distribution of the series in state i, then

(14) £i(x) T P (5 (x—W)?) —eo<x<e
iX) = i i

0 otherwise

and

(15) Pr(X(r) = x|Z(t) = i) = fi(x)
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where Pr(X (t) = x|Z(t) = i) is the probability of observing a value x for the series X (¢) at time

t > 0 given that the series X (¢) is in state i.

3.4. Distribution of Resulting Hidden Markov Model (X (¢)). Let 7;(t) = Pr(Z(t) = i), we
wish to determine a formulation for f(X(¢) = x) which is the distribution X (¢) at time ¢ > 0. By

definition,

ﬂX@:m%:iP%ﬂﬂ:ﬂXU%wXU—Ulﬂy%ﬂﬂ:ﬂ

3

= Y Pr(z(t) = )Pr(X () = xI2(t) = i)

(16) SX(1) =x) = 7(1)F (x)1

where

o (t) = (m(t),....my(t)) is a 1 x m vector of Pr(Z(t) =i) fori=1,...,m

o F(x)= : .. : is an m x m diagonal matrix with the main diagonal repre-

0 ... fulx)

senting the probability density function f;(x) fori=1,...,m
e lisal xmvector of 1s.

Given that P is a one step transition matrix for the random variable Z(z) as earlier defined and
m(1) is the distribution vector for Pr(Z(1) = i). Then, we can write the distribution function for

X(t)=xas
(17) F(X(@#)=x)=n(1)P'F(x)1

Now, if we consider the situation in which Z(¢) is stationary with stationary distribution vector

7. Then, in this case
(18) F(X(t) =x) = nF (x)1

due to the fact that TP~ = 7.
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3.5. Parameter Estimation. Let x(1),x(2),x(3),...,x(t) represent the observations of the
time series X (¢) from time 7 = 1 to time 7 = ¢. The joint distribution for this sequence of

observations is represented as follows:
(19) F(x(1),x(2),x(3),...,x(t)) = 717(1)F(x(l))PF(x(Z))PF(x(3))...PF(x(t))l/

The joint distribution in this instance is synonymous with the likelihood function for the random

variables, which is also expressed as
L(x(1),x(2),x(3),...,x(t)) = 7r(1)F(x(l))PF(x(2))PF(x(3))...PF(x(t))1/

This indicates that, to estimate the parameters via the maximum likelihood estimation tech-
nique, it is necessary to identify the parameter estimates that will maximize the likelihood func-
tion. The LDP technique facilitated the decoding of the hidden state for the series X (), which
are influenced by the underlying variance regime. Consequently, this indicates that the observa-
tions of the series within each regime are predetermined. This streamlines the MLE estimation
by removing the necessity to maximize the MLE function in the presence of missing observa-
tions (underlying Markov observations), thereby obviating the need for the EM algorithm which
involves estimating the model parameters while determining the possible underlying states that
will optimize the likelihood function. The optimization of the current likelihood function can
be achieved by maximizing its individual components: initial distribution parameters, transi-
tion matrix parameters, and emission distribution parameters. Consequently, the maximum
likelihood estimation (MLE) for the model parameters entailed the MLE estimation for the pa-
rameters of the hidden state. Then, using the hidden state parameters, determine the emission

distribution parameters that will optimize the log likelihood function.

3.5.1. Initial Distribution. The multiphased series X (¢) is represented as a hidden Markov
model with latent states Z(z), which correspond to the variance phases generated by the LDP
described in chapter 4. The LDP technique permitted the categorization of all observations of
X (¢) into variance phases. This signifies that the LDP enabled the determination of all the Z(r)
values. This signifies that each X (¢) can be categorized as a Z(t) at time 7.

Consider the phases of the series X () at time r = 1, assuming that the distribution of the m vari-

ance phases at this time follows a multinomial distribution with parameters 7;. The observations
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Z1,2y,...,Zy denote the frequency of occurrences in each of the m variance phases, with the

probability of occurrence in the ' phase represented by x;, where 7; > 0 and Y, m=1. The

joint probability mass function for Z;,2,,...,Z, is defined by the multinomial distribution
t! ) z
PZi=2,0=2, Zn=Im)= 70 & T
VARVSRRRN Zm

where z; +22 + -+ + 2z, =t and 7 is the total number of observation of the series X (¢).

At time 7 = 1, the series X (¢) is observed to be in state Z(1) = i, indicating that the state of the
series evolves with time. However, subsequently transition to alternative states Z(t) at periods
t > 1. Attime t = 1, we are unaware of any alternative variance regime or state into which the
series may transition. Consequently, based on the knowledge known at time ¢ = 1, the series
will undoubtedly be in state Z(1) = i. Consequently, the initial distribution is configured so that
the state where X (1) starts at time r = 1 (Z(1) = i) has a probability of 1, while all other states

possess a probability of 0. This represents the estimate of the initial distribution 7(1).

3.5.2. Transition Probability Matrix. Let p;; represent the transition probability from vari-
ance phase i to phase j in a single time step, and let f;; express the frequency of transitions
from state i to state j in a single step.

Considering that the sum of each row of P equals 1. The matrix has m(m — 1) free parameters,
as pij = 1 — Yy pix- We aim to estimate each of the m(m — 1) parameters utilising Maximum
Likelihood Estimation (MLE). The joint distribution of the latent states Z(1),Z(2),...,Z(t) is

expressed as
FZ(1),2(2), ., 2(0)) = T2, T2 ply
This shows that the likelihood function is
L(Z(1), pij) = L ITGC 1p£’

Therefore, the log-likelihood function is

m m
InL(Z(t), pij) = Y_( Zfljlnp,]

=1 j=1
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on

li

i=1

We can maximize InL(Z(t), p;;) by maximizing each of the /;. But we know that

li=filn(1=Y pij) + fijIn(pi))
J#i

Therefore, if we differentiate /; with respect to p;; and equate to 0

L fij
fd _|__
dpij 1 =Ysipij Pij
— __f”_i_& =0
Pii Pij
fi _
Pii  Dij

fiipij = piifij

summing both sides of the resulting equation with respect to j
m m
Y fipij=) piifij
j=1 j=1
m m
fi Y, pij=pii Y fij
j=1 j=1
m
fi=pii Y, fij
j=1

This is due to the fact that Z;-”Zl pij = 1. This shows that the MLE estimator for the main

diagonal value of the transition matrix p;; will be given by

. fii

(20) pii =
Z’}lzl Jij
and for the off diagonal values p;;
fijpii

21 hij = ———
but % = ﬁ Therefore,
(22) iy = s

]y —
Z?:lfij
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In this case, the MLE estimator for the transition matrix P is

(23) P=

Pmi - Dmm
3.5.3. Emission Distribution. In each state i = 1,...,m, the emission distribution F (x;) is pre-
sumed to follow a normal distribution characterized by mean u; and variance Gl-z. The probabil-
ity density function for the random variable x; in each state i is expressed as follows

1
Fla(t) =x) =4 V29

0 otherwise

exp (— 5k (v — 1)?) —o0 < xp < o0

Our objective is to ascertain the parameter estimates for the probability density function for
each state that will optimise the likelihood function, conditioned upon the estimations of the
hidden state distribution (£(1) and P).

Let X1,X5,...,X,, be the observations of the series X (¢) which are classisfied by the LDP tech-
nique to be in the variance regime i. For the variance regime i, the observations X,X,...,X,,

are assumed to be normally distributed with mean p; and variance Gl-z.

The likelihood function L(t;, 67 | X1,Xa,...,X,,) for the variables is therefore given by:

i

L(,LL,',G[-Z |X17X27---aXn,~) :H eXp (_( ! étl) )
j=14/2mc? 20;

As a result, the log-likelihood function ¢(y;, 6?) is given by:

2y N 2 1 G 5
Ui, 07) = —Elog(27wi ) — Z_Gizj;(xj — 1)
To find the MLE for u;, we take the derivative of the log-likelihood function with respect to y;

and set it to zero:

oL o <—510g(27wi ) — Z—Gizjzzl(xj i) >
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al
= VY (X~ =0
aui G,ZJZ’]( J ‘LL)

Z X —nili =

Thus, the MLE for y; is:

'S)

1 -

~
HM=
L

Next, we find the MLE for Gl.z by taking the derivative of the log-likelihood function with respect

to Giz and setting it to zero:

i j=1

_— X — w2 =0
do? 26i2+2(7i4 ng( i M)

niof =Y (X; — w)?
=
LR 2
0; __'Z<X]_“l>
i =1

Now we apply the Bessel correction, by adjusting the denominator from »; to n; — 1:

. 1 ¢ .
61'2: 1 Z(Xj_.ui)z

J=1

The standard errors of the estimators can be found using the Fisher Information Matrix. For u;,

the standard error is:

N O;
SE({i;) =
For Gi2 with Bessel’s correction, the standard error is:
A2
622
SE(67) =
(69 =y
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3.6. Length of Stay and Transition.

3.6.1. Length of Stay. Let Z(t) = k be the variance phase of the series X (¢) at time ¢ > 0. We
are interested in the period of time that the series will remain in the variance phase k before
moving to another variance phase. The length of time that the series X (¢) stays in the variance
phase k is equivalent to the time until the series switches to any of the other variance phases
m—1.

Let <7 be the set of all possible variance phases that the series X (¢) can switch to other than
k. The expected time until the series switch to variance phase set ./ from variance phase k is

given by

0 ke o
I+ Yi¢w PriSia k& o

Sk =

where Sy is the expected time until the series switch from variance phase k to .o/
Given that the series can assume m variance phases, the length of stay in variance phase k for
the series X (¢) is in this case given by

Sk = Sk

=1+ pucSier + Y, PriSia

icq
= 1+ prkSier
= 1+ prSk
Sk — PiSk = 1
Sk(1—pr) =1
1
=T Pkk

This shows that the expected time for series X (¢) to stay in variance phase k given that it enters

the variance phase k at time ¢ is given by

1

(24) S =
1 — prx
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3.6.2. Time to switch to specific state. Consider the case in which the series X () enters the
variance phase k at time ¢. Suppose that we are interested in the time it will take for the series
to hit the variance phase i # k. The expected time required for the series to hit state i from k

which is denoted by Si;, can be derived for the case in which m = 2 or m = 3 as follows.

3.6.3. When m =2. By definition, the expected time for the series to switch to variance phase
i from k is given as
0 k=]

L+ izipkjSii k#

Ski =

This shows that, the expected time for the series to switch from variance phase & to i for a two

phase series is given by
Ski = 1+ PriSki + PriSii

but S;; = 0. Therefore

Ski = 1+ prrSki
Ski — PikSki = 1
1
Ski = N
— Dik

This shows that, for a series with two variance phases k and i, the expected time taken for the

series to switch from variance phase k to i is given by

B 1
1 — prk

(25) Ski

which is equivalent to the expected time of staying in variance phase k. Therefore, S; = S;; for

a two phased variance regime series X (¢).

3.6.4. When m = 3. Consider the case in which the series X(¢) has three variance phases

(k,i,j). The expected type for the series to hit phase i from phase & is given as

Ski = 1+ prSki + priSii + PrjSji

= 1+ pSii + prjSji
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but
Sji = 1+ pjjSji+ pjkSki + pjiSii
=1+4p;;Sji+ pjkSki
Sji—pjjSji= 1+ pjxSki
1+ p xSk
1=pjj
1 .
= + L g,
L=pjj  1=pjj
Therefore,

Ski = 1+ praSki + PrjSji

1 Pjk
= 1+ puSii + Px;j + Sy
L=pjj  1=pjj

Pkj PkjD jk

=14+ prSri + I + 1 Ski
—Djj —Djj
Now, solving for Sy,
Pkj PkjPjk
1=pjj  1=pjj
kjD jk Pkj
Ski = PideSki — 7 N Ski =141 .
—Djj —Pjj
PkjPjk Pkj
Ski(l—Pkk_lj—j) :H‘l ’
—Djj —Djj
s, (1—pjj—Pkk+ijPkk—ijij) L =pjjtpy
l =
1—pjj 1—=pjj
1 —pjj+
S — Ji J

L—=pjj— Pk +PjjPk — PkjP jk
This shows that for a series with three variance phases (k, i, j), the expected time until the series
hit state i given that it arrives in state k at time ¢ is given by

1 —pjj+pij
L —pjj— Pk +PjjPrk — PkjP jk

(26) Ski =

4. APPLICATION TO SIMULATED DATA

4.1. Discrete Series with Mean and Variance Break.
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4.1.1. Simulation Process. We created a sequence of 180 observations from a Poisson dis-
tribution with varying A values over time. For the initial 60 observations, A = 75; for the
subsequent 60 observations, A = 0.6; and for the final 60 observations, A = 7. Each subsec-
tion’s simulated value was augmented or randomized by incorporating normal random noise
from a normal distribution with a mean of 1 and a standard deviation of 0.3, utilizing the rnorm
function in R. The fluctuations in A resulted in alterations to the mean and variance of the se-
ries over time, whereas the random error introduced noise into the series. The R code for the

simulation is presented in Appendix B.

4.1.2. Resulting Series. The resulting series X (¢) from the simulation was as illustrated in

Figure 1

Time Series with Variance Breaks

jy
]
1]

100

(o]
o

0 50 100 150
Time (t)

FIGURE 1. Stationary Heteroscedastic Series

The observations in Figure 1 shows a significant fluctuation in the variance and mean of the

series over time.

4.1.3. Hidden Markov Modelling. We analyzed the variance regimes of the series utilizing the

LDP methodology and the EM algorithm. The LDP technique employed a subsection size of
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8t = 15 and a contrasting variance of 62 = 10. The resultant HMMs with parameter estimates

are presented in Table 1.

TABLE 1. Parameter Estimates for Hidden Markov Models

Parameter | LDP Estimate | EM Estimate
P11 0.983 0.983
P12 0.017 0.017
P22 1.000 1.000
P23 0.000 0.000
P31 0.017 0.017
D33 0.983 0.983
m (1) 0 0
m(1) 0 0
m3(1) 1 1
Ui 0.700 0.701
o1 0.743 0.737
153 6.017 6.012
(o)) 2.885 2.865
U3 75.133 75.133
03 19.289 19.127
T 0 0
V53 1 1
3 0 0
Log-link -679.1479 -487.3618
AIC 1386.296 1002.724
BIC 1430.997 1047.425

The results in table 1 showed that the EM algorithm was a better fit to the data compared to
the LDP technique because it had the smallest AIC and BIC. However, the model parameter

estimates were remarkably almost similar. This demonstrates that the effectiveness of the LDP
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technique was almost equivalent to that of the EM algorithm. Figures 2a and 2b illustrate

the graphical representation of the decoded variance regimes for both Hidden Markov Models

utilizing the Viterbi Algorithm.
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The results in Figures 2a and 2b illustrate the similarity in the concealed decoded states for the
series X (1) generated by the two algorithms. This indicates that both methods yield identical

outcomes.

4.2. Simulated Series from Skewed Distribution.

4.2.1. Simulation Process. A chi-square distribution with varying degrees of freedom was
employed to simulate 150 observations over time. The degrees of freedom fluctuated from 1.2
for the initial 25 observations to 100 for the subsequent 25, then from 8 for the next 25 to 0.9,
followed by 120 for the next 25 to 12, and so forth. The rnorm function in R was utilized to
introduce normal random noise from a normal distribution with a mean of 1 and a standard
deviation of 0.3 to each subsection’s simulated value, thereby augmenting its randomness. The
fluctuating degree of freedom guaranteed that the mean and variance of the series changed over
time, while the random error introduced noise within the series. The R code for the simulation

is presented in Appendix C.

4.2.2. Resulting Series. The resulting simulated series X (¢) was as illustrated in Figure 3.

Time Series with Variance Breaks

0 50 100 150
Time (t)

FIGURE 3. Simulated Skewed Time Series
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The results in Figure 3 showed a variation in both mean and variance of the series X (¢) over

time.

4.2.3. Hidden Markov Models. We organized the series as a Hidden Markov Model employ-
ing both the LDP and EM techniques. In the LDP technique, subsections of size 6t = 10 and
a variance of 6> = 50 were employed. The resultant parameter estimates for both LDP-HMM

and EM-HMM are depicted in table 2.

TABLE 2. Parameter Estimates for HMM

Parameter | LDP Estimate | EM Estimates
P11 0.950 0.960
P12 0.000 0.000
P21 0.020 0.024
P22 0.980 0.976
D31 0.000 0.000
D33 0.967 0.960
m (1) 1 1
m(1) 0 0
m3(1) 0 0
IR 1.033 0.949
o] 1.302 1.244
15 8.174 9.408
(o2 4.809 4.824
U3 91.504 108.449
03 50.677 35.945
v/ 0.202 0.273
m 0.495 0.454
™ 0.303 0.273
Log-link -749.9588 -503.0055
AIC 1527.918 1034.011
BIC 1570.067 1076.16
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The results in table 2 showed that the EM algorithm was a better fit the data because it had the
smaller AIC and BIC compared to the LDP technique. However, the parameter estimates for
the two methods were nearly identical. This evidence suggests that the effectiveness of the LDP
technique was almost identical to that of the EM algorithm in modeling the concealed variance
regimes of the series. The figures 4a and 4b illustrate a graph depicting the variance regimes of

the series derived from fitting the LDP and EM algorithm models utilizing the Viterbi algorithm

for decoding in R.
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The outcomes depicted in Figures 4a and 4b illustrate a comparable classification of variance
states by both methods. This evidence suggests that the algorithms were executed in a similar

manner.
4.3. Simulated Heteroscedatic Series.

4.3.1. Simulation Process. We generated 100 observations for three Garch(1,1) models with
varying parameters in R. The initial GARCH model possessed parameters 4 = 0.3,0 =
0.1,0q4 = 0.2, and B; = 0.7. The second GARCH model possessed parameters g = 2,0 =
10,000 = 0.4, and B; = 0.45. The third GARCH model possessed parameters it = 10,0 =
80,a; = 0.3, and B; = 0.55. The three series were subsequently amalgamated to create a sin-
gular series comprising 300 observations. The simulation codes for the series are located in

Appendix D.

4.3.2. Resulting Series. The resulting simulated series X () was as illustrated in Figure 5.

Time Series with Variance Breaks

40

-40
Time (t)

FIGURE 5. Simulated Heteroskedastic Series

The results in Figure 5 showed a variation in variance of the series X (¢) over time.

4.3.3. Hidden Markov Models. The series was organized as a Hidden Markov Model employ-
ing both LDP and EM techniques. The LDP technique employed sub-sections of size ¢ = 20



30

and a contrasting variance of 6> = %0'3200. The parameter estimates for both LDP-HMM and

EM-HMM are presented in table 2.

The results in table 3 shows that the EM algorithm was a better fit to the data compared to

the LDP technique. However, the model parameter estimates for the two methods were nearly
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TABLE 3. Parameter Estimates for HMM

Parameter | LDP Estimate | EM Estimates
P11 0.990 0.990
P13 0.010 0.010
D23 0.013 0.046
P22 0.987 0.954
P32 0.017 0.037
P33 0.983 0.963
m (1) 1 1
m(1) 0 0
(1) 0 0
U1 0.357 0.358
(o] 0.743 0.739
J1%3 1.463 1.215
(o)) 6.237 4.495
U3 10.100 10.303
03 18.177 18.381
b1 0.000 0.000
m 0.568 0.446
3 0.432 0.554
Log-link -1068.301 -890.0506
AIC 2164.603 1808.101
BIC 2216.456 1859.954
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identical. The evidence suggests that the effectiveness of the LDP technique was almost com-
parable to that of the EM algorithm. Figures 6a and 6b illustrate a graph depicting the variance
states of the LDP and EM algorithms, derived from model fitting utilizing the Viterbi decoding

algorithm in R.
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The results in Figures 6a and 6b exhibit nearly identical classifications of variance states by the

two methodologies. This indicates that the algorithms exhibited nearly identical performance.
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5. APPLICATION ON GOLD PRICE DATA

The majority of nations globally have allocated their wealth in gold. This renders gold essential
and among the most valuable commodities globally. The constancy of gold prices indicates
economic stability. Nonetheless, fluctuations in gold prices exemplify volatility in the global

economy.

The monthly price of gold bars in dollars from 1978 to 2023 was sourced from the Kaggle

website, as illustrated in Figure 7.

Gold Price in US Dollars Between 1978 - 2023
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FIGURE 7. Gold Price Series

The data presented in Figure 7 indicates that from 1985 to 2005, fluctuations in the gold
price were negligible. The findings also demonstrate that the value of gold has experienced a
consistent increase over the years. The value of gold underwent a significant increase between
2007 and 2023. To comprehend the fluctuations in gold prices over the years, the variance in
gold values was calculated to ascertain the monthly price changes. The sequence of difference

values is depicted in Figure 8.
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Differenced Series of Gold Price in US Dollars Between 1978 - 2023
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FIGURE 8. Change in Gold Price Series

The data presented in Figure 8 indicate that the value of gold exhibited significant volatility
prior to 1980 and subsequent to 2007. From 1990 to 2000, the value of gold exhibited reduced

volatility, indicating a high degree of stability.

The volatility patterns of gold prices over the years were analyzed by modeling various gold
series as a Hidden Markov Model (HMM) utilizing both the LDP technique and the EM algo-
rithm. The LDP method employed a subsection size of two years, utilizing one-third of the total
series variance as the benchmark variance. This was executed based on the belief that the over-
all variance of the series comprised low, medium, and high variance regimes. The parameter

estimates of the Hidden Markov Models (HMMs) are presented in Table 4.
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TABLE 4. Parameter Estimates for HMM

Parameter | LDP Estimate | EM Estimates
P11 0.983 0.941
P12 0.017 0.059
D21 0.010 0.054
P22 0.986 0.932
P32 0.009 0.000
P33 0.991 0.995
m (1) 0 0
m(1) 0 0
m(1) 1 1
U1 -0.734 -1.365
(o] 7.913 6.738
J1%3 0.810 2.307
o 24.965 14.573
U3 7.657 6.184
03 47.949 48.360
b1 0.275 0.233
m 0.477 0.202
T3 0.248 0.565
Log-link -2862.073 -2466.268
AIC 5752.147 4960.536
BIC 5812.358 5020.747

The results in table 4 shows that the EM algorithm was a better fit that the LDP technique
because it had the smallest AIC nad BIC. The model parameters were also noticeably distinct
from one another. Figures 9a and 9a illustrate a graph depicting the decoded variance regimes

derived from the two methods utilizing the Viterbi algorithm for decoding.
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Gold Series with LDP Hidden States
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The results depicted in Figures 9a and 9b indicate that both methods classify high variance
regimes identically. A distinction emerged in the categorization of the low and average variance
regimes. Moreover, the gold price data indicated that the LDP technique effectively discerned
the prevailing volatility regimes. This signifies that the technique can categorize the variance

regimes within actual data.

6. DISCUSSION

We employed the LDP technique in simulations and examined its modeling applications. The

findings indicated that, similar to the EM algorithm, the LDP technique could delineate the
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variance regimes for heteroskedastic time series. Nonetheless, the technique was not a suitable
match for the data when compared to the EM algorithm. The discrepancy arises because the
LDP technique is intended to identify and delineate the variance regimes within the time series
relative to the benchmark variance. The EM algorithm is a method intended to identify the
underlying regimes within the series to enhance the observation process. This advantage ren-
ders the EM algorithm more suitable, as its aim is to optimize the probability of occurrence in
addition to identifying the underlying variance regimes.

The LDP technique exhibits lower computational complexity than the EM algorithm. The EM
algorithm employs an iterative procedure that commences with an initial estimation of the se-
ries’ underlying regimes. This is subsequently succeeded by a series of iterative processes for
various underlying states until the optimal set of underlying regimes or states is identified. This
complexity requires specialized algorithms and substantial computational power for method
implementation. Conversely, the LDP technique disaggregates the series into subsections. The
variance of each subsection is estimated to exceed the threshold variance in comparison to
the benchmark variance. This can be accomplished manually without requiring specialized
software or significant computational resources. This feature renders the LDP technique less
computationally intensive than the EM algorithm technique.

The LDP technique is applicable to both small and large datasets for delineating variance
regimes in heteroskedastic time series, analogous to the EM algorithm technique. The tech-
nique can be utilized across multiple domains, including economics, to identify periods of eco-
nomic stability (low variance regimes) and economic instability (high variance regimes). In the
domain of computer networks, it can be utilized to ascertain the duration of network downtime
(low variance regimes) and the duration of elevated network traffic (high variance regimes).
The method can be extended to model non-Gaussian time series, encompassing discrete data.
Upon employing the LDP method to identify variance regimes, various emission distributions
such as Poisson, t, and generalized extreme value distributions may be utilized to model the
emission distribution of the time series. This adaptability renders the methods suitable for

various types of time series.
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7. CONCLUSION

In conclusion, the devised LDP technique effectively categorizes the variance regimes of het-
eroskedastic time series in a manner comparable to the EM algorithm. This suggests that the
method may serve as an alternative approach for modeling the variance regimes of multiphase
time series models. The method does not utilize an iterative procedure reliant on the initial
value, such as the EM algorithm, which may occasionally fail to converge. This advantage ren-
ders the method more appropriate for scenarios involving the modeling of variance regimes in
heteroskedastic time series when the EM algorithm fails to converge. The method also possesses
a defined approach to determine the quantity of underlying variance regimes. This differs from
the EM algorithm, which allows the user to select the number of underlying regimes, a choice
that can occasionally be erroneous and result in biased estimates. This enhances the method for
identifying the number of underlying variance regimes in a heteroscedastic time series and for
modeling those regimes. The method enables the modeling of various levels of variance in the
multiphased time series and facilitates comparison with the benchmark variance, a capability
not afforded by the EM algorithm. This suggests that the model is better equipped to model
the variance of heteroskedastic time series than the EM algorithm technique when compared to

benchmark variance.
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APPENDIX A. DERIVATION OF RATE FUNCTION

According to Gartner Ellis theorem, if

lim ¢5,(6) = ¢(6)

St—oo

where ¢5,(0) = % InM,(0)) and ¢(0) is a function of 6 which is differentiable with respect to
0. Then, LDP holds for Pr(v > a) with the rate function I(a) = sup(% —9(0)).

In this case, to determine the rate function, we first find ¢ (0) and show that it is differentiable
with respect to 6.

By definition

¢(6) = lim ¢5,(6)

Ot —roo

1
= lim — InM, (6
am 5 nM(8)

l 5t—1
= lim —In(1-26) 7=
St—so0 Ot ( )

| or—1
= lim — X —
Sl%oost 2

11
ot x—1In(1-26)

In(1—26)

= lim
St—oo O

1 1
= —5In(1-26)if 6 € R < 5 Aln(1-26) >0

This shows that ¢ (0) exists. Now we differentiate ¢ (6) with respect to 6

26(0) 1

do  1-26

Given that the function is differentiable with respect to 6, we utilise the Legendre-Fenchel
Transform to get the rate function I(a). According to Gartner Ellis’ theorem, when we apply
the Legendre-Fenchel Transform, the rate function is given by I(a) = sup(% —¢(0)). Now if

we let
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then differentiate /(a, 6) with respect to 6 and equating to 0

sup/(a,0) = 9l(a.9)

26
_a 1
5t 1-20
a 1
)
5t 1-26
a 1
5t 1-26
1—2(9:§E
a
29:1—§
a
1 ot
0=-——
2 2a

Given that 0 < 0 < % it follows that 0 < & — &

53— 5, < % This shows that f—; is a positive number
which is less than % Then, this means that % < 1, hence, a > 6t.

Next we substitute for 6 in I(a, 6) to obtain the rate function I(a)

1@:<§—(®)
_ <%(%_%)+%m(1—2(1—ﬁ))>
_ <%—%+%ln(l—1+g)>

a
_a l—l—lln ot
286t 2 2 a

This is the rate function for Pr(vs; > a). Given that vg,

(8:—1)V(81)

2 , where 6t and 6,2 are
1
predetermined constants based on the series X (7).
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APPENDIX B. SERIES 1 SIMULATION CODES

## Fixing seed for simulation

set.seed (56)

# Load necessary libraries

library (ggplot2)

# Number of observations

n <- 180

fsimulation

lambda <- c¢( rep(75, n / 3),rep(0.6, n / 3), rep(7, n / 3)) =«
abs (rnorm(n, mean = 1, sd = 0.3))

ts_data <- rpois(n, lambda)

# Plot the time series

ggplot () +
geom_line(aes(x = 1l:n, y = ts_data), color = "black") +
labs (title = "Time Series with Variance Breaks",
x = "Time (t)",
y = "X(£)") +

theme_minimal ()
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APPENDIX C. SERIES 2 SIMULATION CODES

## Fixing seed for simulation

set.seed (56)

# Load necessary libraries

library (ggplot?2)

# Number of observations

n <— 150

#simulation

df <- c(rep(l1.2, n / 6), rep(l00, n / 6), rep(8, n / 6),rep(0.9, n /
6),

rep (120, n / 6), rep(l2, n / 6)) % abs(rnorm(n, mean = 1, sd = 0.3))

ts_data <- rchisqg(n, df)

# Plot the time series

ggplot () +
geom_line(aes(x = 1l:n, y = ts_data), color = "blue") +
labs (title = "Time Series with Variance Breaks",
x = "Time (t)",
y = "X(t)") +

theme_minimal ()
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APPENDIX D. SERIES 3 SIMULATION CODES

library (rugarch)

# Define GARCH(1,1) model specification with user-defined parameters

specl <- ugarchspec (

variance.model = list (model = "sGARCH", garchOrder = c(1,1)),
mean.model = list (armaOrder = c(0,0)), # No ARMA component
distribution.model = "norm", # Normal innovations

fixed.pars = list(mu = 0.3, omega = 0.1, alphal = 0.2, betal = 0.7)

# User—-defined parameters

# Define GARCH(1,1) model specification with user-defined parameters

spec2 <- ugarchspec (

variance.model = list (model = "sGARCH", garchOrder = c(1,1)),
mean.model = list (armaOrder = c(0,0)), # No ARMA component
distribution.model = "norm", # Normal innovations

fixed.pars = list (mu = 2, omega = 10, alphal = 0.4, betal = 0.45) #

User—-defined parameters

# Define GARCH(1l,1) model specification with user-defined parameters

spec3 <- ugarchspec (

variance.model = list (model = "sGARCH", garchOrder = c(1,1)),
mean.model = list (armaOrder = c(0,0)), # No ARMA component
distribution.model = "norm", # Normal innovations

fixed.pars = list(mu = 10, omega = 80, alphal = 0.3, betal = 0.55)

# User-defined parameters
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# Simulate 100 observations

set.seed (123) # For reproducibility

siml <- ugarchpath (specl, n.sim 100)

sim2 <- ugarchpath (spec2, n.sim = 100)

sim3 <- ugarchpath (spec3, n.sim = 100)

ts_datal <- as.numeric(siml@pathS$seriesSim)
ts_data2 <- as.numeric(sim2@path$seriesSim)

ts_data3 <- as.numeric (sim3@path$seriesSim)

ts_data<-c(ts_datal, ts_data3, ts_data2)
n<-length (ts_data)

# Plot the time series

ggplot () +
geom_line(aes(x = 1:n, y = ts_data), color = "black")
labs (title = "Time Series with Variance Breaks",
x = "Time (t)",
y = "X(t)") +

theme_minimal ()
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