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1. Introduction

The term structure of interest rates plays a significant role in financial markets. It can be
applied in the valuation and hedging of interest rate contingent claims such as bonds and bond
options. There is a vast literature of approaches to term structure modeling. In this paper we
will focus on the spot rate diffusion models where the instantaneous interest rate (spot rate) is
modeled as a function of a diffusion process.

In the pioneering work by Vasicek [23], an Ornstein Uhlenbeck (OU) process is proposed
for spot rate. Cox, Ingersoll and Ross (CIR) [5] propose the square root process for the spot
rate in a general equilibrium framework in order to introduce heteroscedasticity in the spot rate
dynamics. Duffie and Kan [6] generalize the Vasicek model and CIR model and propose the
most general affine class model, where both the mean and variance of spot rate are modeled
as linear functions of spot rate. Chan et. al. [4], Ait-Sahalia [2] and Santon [21] perform the
empirical comparisons among different models and find that the mean and variance of spot rates
are nonlinear. To capture the nonlinearity, several alternative models to affine models have been
proposed. Among all those models, the 3/2 model of Ahn and Gao [1] and the quadratic model
of Leippold and Wu [10] are important ones. All of these popular classical models share a
number of desirable features. First, they all include mean reversion in the underlying processes.
Second, they provide closed-form expressions for transition and marginal densities of interest
rate. Third, they are analytically tractable and easy to implement.

Despite the attractive properties of the classical models, no model has managed to capture all
the characteristics of the qualitative behavior of interest rates. One of the striking features of
short-term interest rate, especially the policy rate, is the change in the rate occurs only on pre-
determined monetary-policy meeting dates and is in magnitude of discrete basis points. This
infrequent and discrete change in the short rate or so-called stickiness of interest rate becomes
more obvious after the global financial crisis in 2008. For most of developed countries, the
policy rates drop to zero lower bound (ZLB) and tend to stay approximately static around ZLLB
for an extended period of time. The classical models have difficulties in accommodating this

stickiness property because mean-reversion always pulls back the rates to their long-horizon
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values once the rates approach ZLB. Therefore, the occurrence of sustained periods of near-
zero interest rate is very improbable.

To capture the stickiness in short rate, in this paper we present a new class of term struc-
ture models that is built on subdiffusive processes. The spot rate is modeled as the compo-
sition of two independent processes. The first process is a continuous function of a general
time-homogeneous diffusion process belonging to a symmetric pricing semigroup for which its
spectral representation is known. Most of the popular processes in finance, such as OU, CIR
and 3/2 processes, satisfy this property. The second process is an inverse subordinator of a gen-
eral infinite divisible distribution. The resulting interest rate process can exhibit constant time
periods or so-called trapping events and the length of constant periods follows the probability
law of the specified Lévy subordinator.

In finance, Magdziarz [16] generalizes the Black-Scholes model by a subdiffusive geometric
Brownian motion as a model of stock prices exhibiting subdiffusive dynamics. Magdziarz et.
al. [17] also consider a subdiffusive Brownian motion as a model of stock price. Karipova
and Magdziarz [9] extend the multidimensional Black-Scholes model to the subdiffusive case
to derive the pricing formula for basket options written on stock prices. Janczura et. al. [8]
propose a subdiffusive OU model as a tool for financial data description. They also develop
the parameter estimation method and calibrate the model to the interest rate data. Gajda and
Wytomarnska [7] extend [8] by considering so-called time changed OU process, in which time
is replaced by an inverse subordinator of general infinite divisible distribution.

Our main contributions in this paper are three-fold. First, we extend the works of [7] to more
general processes and indeed, subdiffusive OU model is a special case of the models we con-
sider. Second, we demonstrate how to price interest rate contingent claims under subdiffusive
processes and derive the closed-form solutions to bond and bond option prices. Third, the tech-
nique that enables us to obtain the analytical formulas for interest rate products is eigenfunction
expansion. The application of eigenfunction expansion method to time changed processes in
finance can be found in [18, 13, 19, 12, 11]. However, in all of these applications, the time

change processes are assumed to be either Lévy subordinators or integral of some absolutely
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continuous processes. A novelty of this paper is to extend the application of eigenfunction
expansion method to subdiffusive processes.

The structure of the paper is as follows. Section 2 introduces the spot rate models for both
diffusion and subdiffusion cases. For the diffusion model, the spectral representation of the
underlying process is described. Several examples with known eigenfunctions and eigenvalues
are provided. Then the inverse Lévy subordinator for the subdiffusion models is introduced. The
Laplace transform of the inverse Lévy subordinator is provided for some important examples.
Section 3 derives the closed-form formulas for both bond and bond option prices in terms of
eigenfunction expansion. Section 4 numerically explores the sensitivities of the bond and bond

option prices with respect to the parameters of the time change process for a specific model.

2. Spot rate models

2.1. Spot rate diffusion models. Let (Q,.7,0) denote a probability space with an informa-
tion filtration (.%;). We assume that under the risk-neutral measure Q, the spot rate r(z) is a
function of the state variable X (z), i.e. r(t) = g(X(¢)), where X(¢) is a one-dimensional time-
homogeneous diffusion process on an interval / C R with left and right endpoints / and r. The

dynamics of X (¢) is
dX(t) =u(X(t))dt+0o(X(t))dB(t), (2.1)
with drift and diffusion terms denoted by u and o, respectively. We assume

Assumption 2.1. The diffusion X is conservative, that is, P;(x,I) = 1 fort > 0 and x € I, where

P, (x,A) is the transition function from initial state x to the Borel set A C I in time .
Assumption 2.2. u(x), o(x) > 0, g(x) are continuous functions on open interval (1,r).

Define s(x) and m(x) to be the scale and speed densities of the diffusion process X, respec-

tively,

_ *2u(y) __ 2
S<x)—eXP<—/6 62—@)61)’) m(x)—m,

where € € ] is an arbitrary point. We further assume
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Assumption 2.3.

/lgm(x)dx < oo, /8rm(x)dx < oo,

Under Assumption 2.3, the endpoints of X can be regular, entrance or non-attracting natural
boundaries according to Feller’s boundary classification criteria (see e.g. [3] for more details).
An endpoint is unattainable if it is a natural or an entrance boundary and is attainable if it is a

regular boundary. In this paper, we assume

Assumption 2.4. The infinite boundaries are unattainable and the regular boundaries instan-

taneously reflecting.

Under this assumption, the regular reflecting boundaries are included in the state space I but
the entrance and natural boundaries are not included.

Now consider the family of pricing operators (Feynman-Kac (FK) operators) defined by
t
Zf(x) =E [eXp (— /0 g(X(U))dU> f(X(1)[X(0) = X] : (2.2)
Remark 2.5. The FK semigroup (Z),>¢ can be turned into the transition semigroup of another
process X (t) (see e.g. [13, 15]):

g | XO B .
9. Jos(X(wydu>E

where E is an exponential random variable with parameter 1. X is called the process ob-
tained from X by killing with respect to the positive continuous additive functional A(r) =

Jog(X (u))du. (2:)r> is the transition semigroup of X, i.e.
P1f(x) = E[f(R(0)1{g54]X(0) = x], (2.4)
where £ :=inf{t > 0: X(t) = d} and by convention, f(d) = 0.

Under the Assumptions 2.1-2.4, these operators form a strongly continuous semigroup on

the Banach space of bounded continuous functions on / with the supremum norm (see e.g. [3]).
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The infinitesimal generator .# of this semigroup is defined by

1 5

ZLf(x) = px)f(x) + 70" @) — gl fx), (2.5)

where f is a transformation function. f’ and f” are first- and second-order derivatives of f,
respectively.

Under our assumptions, the infinitesimal generator . with domain dom(.¥) is always self-
adjoint on the Hilbert space L?(I,m) of functions on I square integrable with the speed measure

m(dx) = m(x)dx and endowed with the inner product

(f,8) = /If(X)g(x)m(x)dx.

Thus, the Spectral Theorem for self-adjoint operators in Hilbert spaces can be applied to write

down the spectral decomposition of the generator. In this paper, we further assume

Assumption 2.6. The spectrum of the negative of the infinitesimal generator —% is purely

discrete.
Then, for any f € LZ(I,m), we have the following result (see e.g. [13, 15, 14]):

Theorem 2.7. Under Assumptions 2.1-2.6, the FK semigroup ()0 on L>(I,m) and its infin-
itesimal generator £ have spectra with eigenvalues exp(—Aut),en and (—Ay)nen, respectively.

P, f(x) has an eigenfunction expansion of the form:

P f(x) =Y faexp(—Aut)Yn(x) , (2.6)
n=0

where f, = (f, W), {Au} are the eigenvalues of —% and {y,} are the corresponding eigen-

functions satisfying the following Sturm-Liouville equation
— LYy =y, . (2.7)

For most of important term structure models, our Assumptions 2.1-2.6 are satisfied and the
eigenvalues and eigenfunctions can be expressed in closed form (see [13, 15, 14] for more

details).
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Example 2.8. Vasicek model. r(t) = X(¢) and

dX(t) = k(0 —X(t))dt + cdB(t) ,
where ¥ >0, 0 > 0and ¢ > 0.

The eigenvalues A,,, n =0, 1,..., are
2
c
A=0+Kkn——.
" 2K2
The eigenfunctions y;,, n =0,1,..., can be written as

W, (x) = Nyexp <—a€ - a—;)Hn(ﬁ +a),

o K O
s WO a=an N":\/\/;w—lnw

and H,(x) is the Hermite polynomials defined as

where

B

5] 1y
H,(x) =n! z_:()m!(—l)(Zx)”zm :

(n—2m)!
Example 2.9. CIR model. r(t) = X(¢) and

dX(t)=x(0—X(t))dt+0+/X(t)dB(t) ,

where ¥ > 0, 8 > 0, 6 > 0 and the Feller’s condition 2k6 > o2 is satisfied
The eigenvalues A,,, n =0, 1,..., are

b
a‘n - yn+§(y_ K) )
where

2x0
Y=V K%+202, p=5Y

oz’
The eigenfunctions y;,, n =0,1,..., can be written as

_ (K=7y)x\, (b-1) /27«
l,l/n(x)—NneXp <T Ln <?),
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B o2n! 2\ b/2
Nn = \/ 20(b+n) <?> ’

where I'(+) is Gamma function and L,(]) (x) is the generalized Laguerre polynomials defined as

where

(v+1),
n!

L,gv)(x) = 1Fi(=n;v+15x) ,

where |Fj(a; b; x) is the Kummer confluent hypergeometric function, given by

(a)nx_n
(b)un!’

1F1(a; b; x) = é
where (a)o =1, (a)p =ala+1),...,(a+n—1),n>0.
Example 2.10. 3/2 model. r(¢) = X(¢) and
dX (1) = k(0 — X (1))X (t)dt + 6X (1)3/%dB(1)

where ¥ >0, 0 > 0and ¢ > 0.

The eigenvalues A,, n =0,1,..., are
1
An = Ke(n+v—a+§) ,
where
K K 1\2 2
a=gttv=\(Ga) + o
The eigenfunctions y;,, n =0,1,..., can be written as
_ a—v—1/27(2v) B
Y (x) = Nyx L, <)
where

B =

206 N o2B2v+in!
o2’ " \[2r2v+n+1)’
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2.2. Spot rate subdiffusion models. Although the classical diffusion models can capture some
important features of interest rates such as mean reversion, they still have some limitations. The
changes in interest rates, especially short-term rates, tend to occur infrequently. After the global
financial crisis in 2008, the short-term rates for many countries stay at close to ZLB level for
extended periods of time. This stickiness phenomenon of interest rates offers serious challenge
to the classical models since they cannot produce sustained periods of constant interest rates.
To capture the stickiness in interest rates, we extend the spot rate diffusion models to spot rate
subdiffusion models.

Let L(¢) be a Lévy subordinator with the Laplace transform

E[exp(—AL(t))] = exp(—t¢(4)) , (2.8)
where ¢ is the Lévy exponent and given by the Lévy-Khintchine formula (see e.g. [22])

o) =7t [ (1—exp(-As)Vids). (2.9)

where ¥ > 0 and the Lévy measure Vv satisfies
/ (sA1)V(ds) < oo .
(0,0)
Define T (¢) to be an inverse subordinator corresponding to L(z), that is
T(t)=inf{t >0:L(7) >1t}. (2.10)
To construct spot rate subdiffusion model, we first define a new process
X0(r) =X(T (1)), 2.11)

where X is defined in (2.3).

For the process X?, define a new pricing operator
P F(3) = B[RO (O)1 (£210) X (0) = %] . 2.12)

where & :=inf{r > 0:X(¢t) = 9}.
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From (2.2) and (2.4), we know Q;P f(x) can also be written as

o [ (1)
P fx)=E|exp| — /0 g(X(u))du [ £(X(T(t)))[X(0) =x

=E

exp (- / tg‘P(Y(u))du) £(Y(1)[Y(0) :x] , 2.13)
0

where Y (t) = X(T(t)) and g% (x) is the discount rate function.

In the subdiffusive model, the spot rate is
r(n) =g* (Y (1)), (2.14)
where
Y(t)=X(T(1)), (2.15)

where X (¢) is the diffusion process defined in Section 2.1 and assumed to be independent of
T(t).

Therefore, the spot rate r(¢) is a time changed diffusion process where the time change pro-
cess T is an inverse subordinator. Since the Lévy subordinator L is a nondecreasing process
with positive jumps and nonnegative drift, the subdiffusive models can produce periods of con-
stant values. The distribution of waiting times in which the rates do not change follows the
probability law of L.

We can use the following theorem to compute 9,‘1’ f(x) for any f € L>(I,m):

Theorem 2.11. For the subdiffusive process r(t) defined in (2.14) and (2.15), under Assump-

tions 2.1-2.6, we have
P =Y il Gyt () (2.16)
n=0

where f, = (f,Wn). Ay and y, are the eigenvalues and eigenfunctions of infinitesimal generator
—% corresponding to FK pricing operator Z;. 1 (u,t) is the Laplace transform of the inverse

subordinator T (t), namely

N (u,t) = E[exp(—uT(t))] . (2.17)
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Proof. Using the law of iterated expectations and Theorem 2.7, we have

E [exp (— /0 o <Y<u>>du> £(Y(0)]Y(0) = ]

= E[f(X? () Lz 1X(0) =x]

O

From Theorem 2.11, it is clear that the eigenfunction expansion of subdiffusion process has
the same form as diffusion process, but with exp(—A,7) replaced by the Laplace transform of
the inverse subordinator 7'(¢). This explains why the eigenfunction expansion method is well
suited for computing the contingent claim prices with the time-changed process.

To compute 7 (u,t), we can first use the following lemma to calculate the Laplace transform

N (u, k) of N (u,t).

Lemma 2.12. The Laplace transform 1) (u,k) of n(u,t) is

S k) = | exo(—kn(undr — — 2%
n(u,k)—/o exp( ki) = B s (2.18)

where ¢ is the Lévy exponent defined in (2.9).

Proof. Let f(t,x) be the PDF of T(¢) and g(7,x) be the PDF of L(7). From P(T(t) < x) =
P(L(x) >t), we have

Then, we get
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Then,

(o]

A (u,k) = /0 exp(—ki)n (1)t

= /Omexp(—kt)/Omexp(—ux)f(t,x)dxdt

:/Oooexp(—ux) /Owexp(—kx)f(t,x)dtdx
o(k) [

:T)/o exp(—(u+ ¢ (k))x)dx

¢ (k)
k(u+ (k) -

O

Given the Laplace transform of 1 (u,t), we can obtain 1 (u,) by taking inverse Laplace trans-
form. For certain Lévy subordinator L, we can obtain the closed-form solution to 1 (u,r) (see

e.g. [7] for detailed derivations).

Example 2.13. Inverse a-stable subordinator. Let L(¢) be a stable subordinator with Lévy

exponent ¢ (k) = k* with a € (0,1). Then, 1 (u,t) for T(¢) is

n(uat) = Eolc,l(_uta) )

where EQ 8 (z) is the generalized Mittag-Leffler function:

where «, B, v € C, Re(«x), Re(B), Re(y) > 0.

Example 2.14. Inverse transient subordinator. Let L(z) be a transient subordinator with Lévy

exponent ¢ (k) = c1k™ + c2k® with oy, 0 € (0,1), @ < 0, ¢1, ¢ > 0and ¢ + ¢, = 1. Then,

o _ J
wn=Y (-9 gl _u
nu,t)= = ) o, (—ay)j+1 ¢
o EPANAR
B Z o £t u*®
=0 C2 a23(“27a1)(.]+1)+1 6‘2 ’

we have
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Example 2.15. Inverse tempered a-stable subordinator. Let L(z) be a tempered ¢c-stable sub-
ordinator with Lévy exponent ¢ (k) = (k+ )% — 9% with ¥ > 0 and a € (0,1). Then, we

have

t
n(ut) = 1 —M/O exp(—0T) 1% EL o((8% — u)t®)dt .

3. Bond and bond option pricing in subdiffusion models

Having obtained the eigenfunction expansion of pricing operators for subdiffusive models,
we can derive the analytical solutions to the prices of interest rate contingent claims. In this
section, we will focus on pricing of two important fixed-income products: bonds and bond
options. To save space, we only give the pricing formulas for the subdiffusive 3/2 model and we
emphasize that our technique can be easily applied to other models, such as subdiffusive OU or

CIR models. In the subdiffusive 3/2 model, g(X(¢)) = X(¢) and

r(t) =g (Y (1) = * (X(T (1)) , (3.1

dX (1) = k(6 — X (1))X (t)dt + X (t)*/%dB(t) , (3.2)

where k >0, 8 >0 and ¢ > 0. g?(x) and g(x) are related via (2.13).

In the 3/2 spot diffusion model of [1], the drift and diffusion of spot rate are nonlinear func-
tions of spot rate. The authors of [1] show that in empirical analysis, the 3/2 model outperforms
the affine models in both time-series as well as cross-sectional tests. For the subdiffusive 3/2
model, the eigenvalues and eigenfunctions can be computed in closed form as in Example 2.10.
The only thing left for the calculation of bond and bond option prices is to compute the eigen-
function expansion coefficient f;,.

Let B(t,T,y(t)) represent the time ¢ price of zero coupon bond that matures at time 7 given

Y (t) = y(¢). The bond prices can be computed from the following theorem.

Theorem 3.1. For the subdiffusive 3/2 model specified in (3.1) and (3.2), the zero coupon bond

price B(t,T,y(t)) is given by

BU.Ty®) = Y el (T — ) wa(3(1)) (3.3)
n=0
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where

2N, 1
Cn = O__Zrlﬁ_a_v_l/zaﬂ(a+ v+ E? 1,2\/) )

where a, B, v and N, are given in Example 2.10 and the function 1 (u,t) is given in (2.17). In

addition,

(1-8+4),

nlcd

an(8,c,A) = r(s).

Proof. From Theorem 2.11, we know the eigenfunction expansion for bond price is

T
B, T.y(1)) = | exp (— | <Y<u>>du) Y() = y(t)]

[e55)

= 70cnn(/ln,T—t)ll/n(y(t)),

where

cn= /0 W (x)m(x)dx
and the speed density function m(x) for the 3/2 process is given by

m(x) = %x_za_l exp <— g) :

Therefore,

Cp = /OwNnx_“_V_l/zLS,zv) <E> %x‘za_l exp (— g)a’x

X

_ %ﬁavl/z /wxoc+v1/2 exp(—x)L,gzv) (x)dx
0

2N, 1
2B Pag(at vt 5,1,2v), (3.4)

where we have used the formula (see e.g. [20])

/wxslexp(—cx)Lgx)(cx)dx = MF(& = an(8,¢,4) -
0

nlcd

O

Let P(t,K,T,Ty,y(t)) be the time ¢ price of a put option on a zero coupon bond with strike
price K and maturity 7, where the bond matures at time 77, given Y (¢) = y(¢). We can use the

following theorem to compute the bond option price.
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Theorem 3.2. For the subdiffusive 3/2 model specified in (3.1) and (3.2), the bond option price
P(t,K,T,Ti,y(t)) is given by

P<t K, T Tlay =K Z dnrl ny T t)‘/’n(y(t)) - i fn”(’lan—t)Wn(y(t)) ) (3.5)
n=0

n=0
where
2N, 1
dy= g2y (B gy Loy, (3.6)
o y* 2

where the function 1 (u,t) is given in (2.17). y* is the solution to the equation K = B(T,T},y)

and
= 2NN 2v+m+1)I'2v+n+1)
= T, —
I Zcmn(M’l T) T2v+m+n+1)
min(m, (m+n—20)! B
: by (—,2 20,1,2 21),
; m— N (n—D) vl mn2a\ ey Tahhave

where ¢y, is given in (3.4) and

bo(x, 8,a,1) = % Sy (A +n+ 1,8+ 1: 4 +1,8 +2; —ax) ,

where yF5(a,b; c,d; x) is the hypergeometric function defined by

2F>(a,b; c,d; x) = Z;)Ec)n(d)nn! .

Proof. From Theorem 2.11, we know the eigenfunction expansion for bond option price is

P(LK, T, T y(0)) = [p( [ e )(K—B(T,TI,Y@)MY@):y<t>]

GXP( /g )1{Y(T)>y*}|Y(t)ZY(t)

—E [exp ( - /tT g’ (Y(S))ds> B(T, T1, Y(T)) 1y (m)sy [ Y (1) = Y(t)]

—K iod,,n(zmr — )y (1)) — iofnanT —ya((1))
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where y* is the solution to the equation K = B(T,T;,y) and
d, = / Wy (x)m(x)dx
y*

_ 2N, /ij_a_v_yz exp (_ E)Lglz\/) (E)dx

o2 X X

_ %Bavl/z/ﬁ/y*yowrvlﬂ
o2 0

exp(—y)L™ (y)dy

2N, —a—-v—1/2 ﬁ 1
= — b <—,oc v——,1,2v),
-2 B 3 V-2
where we use the fact (see e.g. [20])

/yx5 exp(—ax)LSlM(ax)dx = Mx‘stFz(l +n+1,0+1;A+1,0+2; —ax)
0 n!(6+1)

:=bp(x,08,a,1).

For f,,, we have

Using the formula (see e.g. [20])

), 5) T(8+m+1DI(8+n+1)mnm (m—+n—21)! o1 (5420)
Ly'Ly’ = Z | X m+n—21(x)’
L 6+m+n+1) & Nm—=0)(n—DIT(E+1+1)

we have

= 2NNy o 5y 1 T2Vv+m+1)I'2v+n+1
Jn= Zcmn(/lm7Tl_T) 5 B 2v-l ( )I( )

= c rev+m+n+1)
min(m,n) (l’l’l—’rl’l—Zl)' B/y*
: 2v421 (2v+21)
—y)L d
8 ,ZO l!(m—l)!(n—l)!F(2v+l+1)/o y o exp( =)Ly S ()Y

2N,1Nmﬁ,2v,1 rev+m+1D)rQ2v+n+1)
62

- ;C’"n(/l’"’Tl_T) T2v+m+n+]1)

m=0

min(m,n) (I’I’l +n— 21)'
8 Zg, Nm—1)(n— )T v +it1

i (g,zv £20,1,2v + 21) .
y
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FIGURE 1. Bond prices for different o and . The parameters are Kk = 3.64,
0 =0.08, c = 1.28 and X (0) = 0.1. In addition, in the left panel, = 0.01 and
in the right panel, & = 0.8. The notional of the bond is 100.

4. Numerical experiment

In this section, we numerically study the subdiffusive 3/2 model, which is specified in Section
3. We choose inverse tempered o-stable subordinator in Example 2.15 as the time change
process T (t). The parameters for the classical 3/2 model are obtained from [1]. To compute
the bond and bond option prices, we need to truncate the eigenfunction expansion after a finite
number of terms. We follow [11] and truncate the infinite series when a given error tolerance
level is reached. In practice, we find the convergence of the expansion is really fast.

In Fig. 1, we demonstrate the sensitivities of bond prices with respect to the parameters o
and ¢ for T(t). First, we find that the bond prices are very sensitive to both parameters. Second,

the bond price is an increasing function of o for the short-term bond but turns into a decreasing
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FIGURE 2. Bond option prices for different & and ©. The parameters are Kk =
3.64,0 =0.08, 0 = 1.28, X(0) = 0.1 and K = 100. In addition, in the left panel,
¥ = 0.01 and in the right panel, oc = 0.8. The notional of the bond is 100.

function when maturities increase. Third, the bond price is a deceasing function of ¥ across all
the maturities.

In Fig. 2, we also plot the term structure of bond option prices for various values of o and
. Again, the bond option prices are very sensitive to both parameters. For the put options we

consider, we find that the option price decreases with o but increases with ¥

5. Conclusion

The classical term structure models such as affine or non-linear models can capture the main
characteristics of interest rates such as mean reversion. However, all the classical models have

difficulties in producing the stickiness feature of short-term rates where the rates tend to stay
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unchanged for an extended period of time. To model the trapping event observed in the fixed-
income markets, we propose a new class of term structure models which is built on the subdif-
fusion processes. In its most general form, the underlying process is a time-homogeneous dif-
fusion process belonging to a symmetric pricing semigroup and also including mean-reversion.
Then the process is time changed by an inverse Lévy subordinator. Using the eigenfunction
expansion technique, we are able to derive the closed-form solutions to both bond and bond op-
tion prices. We consider several examples where the underlying processes have known spectral
representation and the inverse subordinators allow for explicit Laplace transforms. We also nu-
merically implement a specific subdiffusive model and explore its sensitives to the parameters
of the time change process.
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